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Abstract. In this paper, we are concerned with the Cauchy problem 
for the integrable Camassa-Holm type equation with cubic nonlinearity. 
We establish the local well-posedness in a range of the Besov spaces and 
derive the blow-up scenario. With analytic initial data, we then show 
that its solutions are analytic in both variables, globally in space and 
locally in time. Finally, we give geometric descriptions to this integrable 
equation. 
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In this paper, we are concerned with the following Cauchy problem of the 
Camassa-Holm type equation with cubic nonlinearity, 



The equation in (jl.ip was proposed by Olver and Rosenau |25] as a new generaliza- 
tion of integrable system by implementing a simple explicit algorithm based on the 
bi-Hamiltonian representation of the classically integrable system. In most cases, 
these new nonlinear systems are endowed with nonlinear dispersion, and thus sup- 
port non-smooth soliton-like structures. Later, it was obtained again by Qiao |28| 
from the two-dimensional Euler equation. It was shown in |28| that the equation 
in (jl.ip admits the Lax-pair and the Cauchy problem may be solved by the 
inverse scattering transform method. 

The equation in (jl.ip is completely integrable and can be rewritten as the bi- 
Hamiltonian form [25], that is 



1. Introduction 



m t + (u 2 - u 2 x )m x + 2u x m 2 =0, t > 0, x G R, 
u(0, x) = uq(x), m — u — u xx , 



(1.1) 



m,t = -{{u -u x )m) x = J— — 




5H l 



where 



J = —dmd md, and K = d 3 — d, 



corresponding to the Hamiltonian 



Hq = 2 / mu dx, 
Jr 



and the Hamiltonian 



2u 2 ul 



dx. 



It also admits the Lax pair (28] . 

= U(m, A) 



where 



U(m, A) 



that is 
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In addition, there exist a cusped soliton [28] to defined by 



x) = u(X) = ± ( 2 - 3 cosh 2 X + ( cosh AT 



- ) v/3(3coshX 



l)(coshX - 1) 



where X 
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t, and a so called "W/M" -shape-peakon soliton in the form [28] 



1 



x) = u(X) = 2-3 cosh^ X + coshX 



- ) v/3(3coshX 



l)(coshX - 1), 



where X = 



-In 2. 



The Camassa-Holm (CH) equation [21 [T3] defined by 

m t + iiifii + 2u x m — 0, m — u ~ u xx 

has attracted much attention in the last twenty years because of its interesting 
properties: complete integrability. existence of peaked solitons and multi-peakons, 
geometric formulations [SJ [TTJ HTJ 122] an d the presence of breaking waves (i.e. a 
solution that remains bounded while its slope becomes unbounded in finite time) 
[3 [HI El [10] . Note that the nonlinearity in the CH equation is quadratic. In contrast 
to the integrable modified KdV equation with a cubic nonlinearity, it is our interest 
to find an integrable CH-type equations with a cubic nonlinearity. Indeed, two 
integrable CH-type equations with cubic nonlinearity have been discovered recently. 
One is the so-called Novikov equation [21] and the second one is the equation in 
(jl.l[) |25| . The integrability, peaked solitons, well-posedness, blow up phenomena of 
the Novikov equation have been studied extensively, see the ref. [181 [T^l [2U [301 [2JJ . 

The goal of the present paper is to establish qualitative results for the initial value 
problem (jl.ip . We first study the local well-posedness for the strong solutions to 
the Cauchy problem (|1.1[) . The proof of the local well-posedness is inspired by the 
argument of approximate solutions by Danchin [12] in the study of the local well- 
posedness to the CH equation. However, one problematics issue is that we here deal 
with a higher order nonlinearity in the Besov spaces, making the proof of several 
required nonlinear estimates somewhat delicate. These difficulties are nevertheless 
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overcome by carefully estimates for each iterative approximation of solutions to 
With the local well- posedness obtained in hand, we then present a precise 
blow-up scenario and a conservative property. We also prove the analyticity of its 
solutions u = u(t, x) in both variables, with x in R and t in an interval around 
zero, provided that the initial profile uq is an analytic function on the real line. 
Hence, this analytic result can be viewed as a Cauchy-Kowalevski theorem for 
Finally, we give the geometric descriptions to this equation. 

It is well known that the solutions of the KdV equation are analytic in the space 
variable for all time [32] but are not analytic in the time variable [20]. In contrast 
with the KdV equation, the solutions to the Hunter-Saxton (HS) and Camassa- 
Holm equations are analytic in both space and time variables for a short time 
[T71 [30] . Like the CH and HS equations, we will show that solutions of the Cauchy 
problem (jl.ip are analytic in both space and time variables. 

The plan of the paper is as follows. In Section 2, some preliminary properties, 
which will be used later, are presented. The local well-posedness in the Besov spaces 
is established in Section 3. In Section 4, a blow-up scenario and a global conservative 
property of will be derived. Section 5 is devoted to the study of the analyticity 
of the Cauchy problem (|1.1[) based on a contraction type argument in a suitably 
chosen scale of the Banach spaces. Such an approach to analytic regularity of 
solutions to Cauchy problem (|1.1[) was initiated by Ovsjannikov [261 |2"T] as an 
abstract Cauchy-Kowalevski theorem and later further developed by Nirenberg [23] , 
Baouandi and Goulaouic [T] among others and subsequently applied to the Euler 
and Navier-Stokes equation. In Appendix A, the precise geometric descriptions of 
the equation in (|l.ip are given. 

Notation. In the following, for a given Banach space Z, we denote its norm by || • \\z- 
Since all space of functions are over R, for simplicity, we drop R in our notations of 
function spaces if there is no ambiguity. We denote Tu or u the Fourier transform 
of the function u. 

2. Preliminaries 

In this section, we first present the Littlewood-Paley theory and the properties 
of the Besov-Sobolev spaces which will play a key role to prove local well-posedness 
for the Cauchy problem (|1.1[) . Then we introduce a new space, whose properties 
are studied. In order to verify the analyticity of solutions to (jl.ip . the abstract 
Cauchy-Kowalevski theorem for identifying analyticity of the Cauchy problem is 
presented. 

Proposition 2.1. [4] (Littlewood-Paley decomposition) Let B = {£ S R, |£| < |} 

and C = {£ G R, | < |£| < |}. There exist two radial functions x £ C^°(B) and 
ip E C r °°(C) such that 

x(0 + 5>(2-«0 = l, V £eR d , 

q>0 

\q-q'\>2^ Suppv3(2~ q -) n Slippy (2 - q '-) = 0, 
q > 1 => Suppx(-) n Supp</?(2~ q -) = 0, 

and 

J<X(0 2 +E^(( 2 " 9 0) 2 <1, V 
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Furthermore, let h = J- l tp and h = T 1 \- Then the dyadic operators A g and 



S q can be defined as follows 

A ,/ 4 <p(2-«D)f = 2« d / h{2"y)f{x - y)dy for g > 0, 

JWL d 

S q f 4 X (2-'D)/ = V A fc / = 2" d / h(2*y)f(x - y)dy, 

-l<k<q-X d 

A_i/ 4 So/ and A 9 / 4 for g < -2. 

Lemma 2.1. [I] (Bernstein's inequality) Let B be a ball with center in M. d and C 
a ring with center in M. d . A constant C exists so that, for any positive real number 
A, any non negative integer k, any smooth homogeneous function a of degree m and 
any couple of real numbers (a, b) with b > a > 1, there hold 

Suppu c XB => sup ||9 Q u|| L b < C k+1 A k+d <W)|| u || L . ; 

|ct|=k 

Suppu c AC => C- 1 - k A k ||u|| La < sup ||9 Q u|| L a < C 1+k A k ||u|| L a; 

| a | — k 

Suppu c AC => |k(D)u|| Lb < C ff , m A m+d <W)|| u || L .. 
/or any function u E L a . 

Definition 2.1. [4] (Besov space) Let s £ 1,1 < p, r < oo. The inhomogenous 
Besov space -Bp r (R d ) (B pr for short) is defined by 

B s p>r 4 {/ e S'(R d ); ||/|| fl . p < oo}, 

w/iere 



ll/l 



^2^||AJ||£ P j", /or r<oo, 
su P 2 9S ||AJ|| L p, for r = oo. 



If 8 = 00, B^ = a e «^,r. 

Proposition 2.2. [T^HTS] The following properties hold, 
i) Density: if p, r < oo, then S(M. d ) is dense in Bp r (M. d ). 

— - — ) 

iij Sobolev embeddings: if pi < P2 ri < r2, then B pi ri B P2 ^ 2 P1 P2 . If 
S\ < S2, 1 < < +oo and 1 < ri, r2 < +oo, i/ien, £/ie embedding Bp 2 r2 =— >• -BpVj * s 
locally compact. 

Hi) Algebraic properties: for s > 0, r D is an algebra. Moreover, (B p r is 
an algebra) (B* r ^ L°°) fs > - or fs > | and r = ljj. 

juj Fatou property: if {w- n >}n&i is a bounded sequence of B s pr which tends to u 
in S' , £/ien u £ B* r and 

||u|| B|p <lim inf 

Complex interpolation: if u G r PI 5| r and # £ [0,1], 1 < J>, r < oo, £/ien 

u G and Hulled-.), < IMI|. Ju^. 

uzj Le< m € K and f be a S m -multiplier (that is, f : M. d M. is smooth and 
satisfies that for all multi-index a, there exists a constant C a such that for any 
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£ G R d ; |<9 Q /(£)| < C„(l + |CI) m_|a| J r/ien /or all s e R and 1 < p, r < oo, the 
operator /(B) is continuous from Bp 1 r to B^~ r m . 

Lemma 2.2. [T2J[T3] Suppose that (p, r) G [1, +oo] 2 and s > — |. Be£ v be a vector 

field such that Vi> 6e/on#s to L 1 ([0,T];B*~ 1 ) if s > 1 + | or to L x ([0, T]; B| >r n 
L°°) otherwise. Suppose also that /o 6 B* r , F 6 L 1 ([0, T]; r ) and that f G 
L°°([0, T]; r ) n C([0, T];<S') solves the d- dimensional linear transport equations 

I J|t=o — Jo- 

TTierc fftere exists a constant C depending only on s, p and d such that the following 
statements hold: 

1) Ifr = l or s^l + f^ then 

ll/l|B- r <ll/0||B. r + f\\F(T)\\ B . dT + C fv'{T)\\f{T)\\ BlT dT, 

Ja Jo 

or 

\\f\\B kr < e Cy(t) (||/o||b., p + £ e- cv V\\F(T)\\ Bkr d^j (2.1) 

hold, whereV{t) = /' \\Vv(t)\\ * dr if s < 1+| andy(t) = /' ||Vu(r)|| B «-idr 
e/se. 

2) If s < 1 + c j and, in addition, V/o G L°°, V/ G L°°([0,T] x R d ) and VF G 
^([OjT];^ 00 ), i/ien 

ll/(*)lk r + ||v/(t)|U~ 

<e cy(t) (||/o||fl. ir + HV/olU- +^ e- cv(T) (||F(r)|| B . r + ||VF(r)||^)dr) 

ty&fc V(i) = f* ||Vt)(r)|| d dr. 

B p p r ni°° 

If f = v, then for all s > 0, £/ie estimate V2.1}) holds with V(t) = J Q \\d x u{T)\\L^dT. 
4) Ifr < +oo, then f G C([0, T}; B s p r ). If r = +oo, then f G C([0,T];B^ 1 ) /or 
aZ/ s' < s. 

Lemma 2.3. I 3) Lei (p,pi,r) e [l,+oo] 3 . Assume that s > — dminl^-,^-} with 
p' A (1 _ Lei /o G B* r and F G ^([0, T]; jB£ r ). Let v be a time dependent 

vector field such that v G L p ([0, T]; B^f^) for some p > 1, M > and Vw G 

LHlO^l^looni 00 ) i/s < l + and V« G ^([0, T]; B^) i/Ol + ^or 
s = 1 + ^~ r = 1. T/ien £/ie transport equations (T) has a unique solution 

f G L oo ([0,T];B^ r )n(n s ' <;j C([0,T];B^ 1 )) and tte inequalities in Lemma\£Bhold 
true. If, moreover, r < oo, then we have f G C([0, T]; B* r ). 

Lemma 2.4. [4] (BB Moser-type estimates) Assume that 1 < p, r < +oo, i/ie 
following estimates hold: 

(i) for s > 0, ||/s||bj ,,,(R) < C(ll/llB^ r (K)ll5llL~(R) + IMIb=.,,(K) II/IIl-(r)); 

(ii) for si < i, s 2 > | (s 2 >^ifr = 1) and si + s 2 > 0, 

ll/5llsJi r (K) < C||/|| B =i r(R) ||3|| B =2 r(R) , 
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u G C°°(M) : |||u||| fl = sup u /; n _ /\" 2 < oo 



where C's are constants independent of f and g. 

In order to apply the contraction argument to the proof of the analytic regularity 
of the Cauchy problem , we need a suitable scale of Banach spaces which we 
proceed to describe below. 

For any s > 0, we set 

s k \\d k u\\ H 2 
keN„ M/(k+l) 

where H 2 (M.) is the Sobolev space of order two on the real line and Nq is the set of 
nonnegative integers. One can easily verify that E s equipped with the norm ||| • ||| s 
is a Banach space and that, for any < s' < s, E s is continuously embedded in E s i 
with 

III* < III* 

Another simple consequence of the definition is that any u in E s is a real analytic 
function on R. Crucial for our purposes is the fact that each E s forms an algebra 
under pointwise multiplication of functions. 

Lemma 2.5. |17| Let < s < 1. There is a constant c > 0, independent of s, such 
that for any u and v in E s we have 

\\\uv\\\ s < c\\\u\\\ s \\\v\\\ s . 

Lemma 2.6. |17j There is a constant c > such that for any < s' < s < 1, we 

have 



IcLulll*' < 



u 



s — s 

and 

|||(1 -aD^uHly < ||H|| S1 |||(1 -^-^Hly < |||u|||.. 

The following theorem comes from pQ. 

Theorem 2.1. [I] Let {^ s }o<s<l be a scale of decreasing Banach spaces, namely 
for any s' < s we have X s C X s i and \\\ ■ \\\ s i < \\\ ■ \\\ s . Consider the Cauchy 
problem 

du „. ... 

Tt =F{t ^ (2.2) 
u(0) = 0. 

Let T, R and C be positive constants and assume that F satisfies the following 
conditions 

1) If f or < s' < s < 1 the function t i— > u(t) is holomorphic in \t\ < T and 
continuous on \t\ < T with values in X s and 

sup |||w(t)||| s < R, 

\t\<T 

then t i — y F(t,u{t)) is a holomorphic function on \t\ < T with values in X s >. 

2) For any < s' < s < 1 and any u, v £ X s with |||u||| s < R, |||w||| s < R, 

sup \\\F(t,u) - F(t,v)\\\.> < 7l||«-«||| a . 

\t\<T S - S 

3) There exists M > such that for any < s < 1, 

M 



sup |||F(*,0)||| S < 

\t\<T 1 



Then there exists a To £ (0, T) and a unique function u(t), which for every s G (0, 1) 
is holomorphic in \t\ < (1 — s)Tq with values in X s , and is a solution to the Cauchy 
problem 



Next we restate the Cauchy problem in a more convenient form. Note that 
(II. ip is equivalent to the following one. 

u t - u xxt + 3u 2 u x - Auu x u xx + u 2 x u xxx + 2u x u 2 xx - u 2 u xxx -u x = 0. 

Applying the operator (1 — d 2 ) -1 to both sides of the above equation, we obtain 

ut + (u 2 \ul} u x + d x (l - d 2 x y' (^u 3 + + (1 - d 2 )-^ = 0. 

Differentiating with respect to x on both sides of the above equation and noticing 
that d 2 {l - d 2 )- 1 = (1 - d 2 )- 1 - I, one finds that 

u tx + u 2 u xx + uu 2 x -ulu xx ~^u 3 + (l-d 2 x )- 1 (^u 3 + uulj +d x (l-dl)- 1 ^ =0. 
Let v = u x . Then the problem (jl.ip can be written as a system for u and v: 

u t = -u 2 v + ±v 3 - d x (l dl)- 1 (^u 3 + u« 2 ) - (1 - air 1 ^- , 

v t = -uv 2 + 2 -u 3 + v 2 v x - u 2 v x - (1 - d 2 )- 1 (^u 3 + uv 2 ^ d x (l - 

u(0,x) =u (x), v(0,x) =u' (x). 

Note that the initial data in the Cauchy problem (|2.2p of the abstract Cauchy- 
Kowalevski theorem equals to zero, one can set U = u — uq, V = v — u' a , then the 
above problem is equivalent to 

U t = -(U + u a ) 2 (V + u' ) - d x (l - dl)- 1 (hp + u ) 3 + (U + u )(V + u' ) 2 ^ 

- (1 - d 2 x )-^(V + u' ) 3 + ±(V + u' ) 3 = F{U, V), 
V t = -(U + u )(V + u' ) 2 + \(U + u Q f + (V + u' ) 2 (V + u' Q ) x 

(1 - dlY 1 (hp + u ) 3 + (U + u )(V + u' Q ) 2 

- 8 X (1 - d 2 x )- ll -{V + u' ) 3 - (U + u ) 2 (V + u' a ) x = G(U, VI 



U(0,x) = 0, V(0,x) = 0. 
This can be written as the abstract form of the Cauchy problem in (|2.2[) 
3. Local well-posedness 



(2.3) 



In this section, we shall discuss the local well-posedness of the Cauchy problem 
(jl.ip . At first, we present the following definition. 

Definition 3.1. For T > 0, s g K and 1 < p < +oo, we set 

E-^^^C^nB^nC'dO^nB;- 1 ) if r<+oo, 

££ i00 (T) 4 l«([ 0) T];B* t00 ) n Lip([0, T]; B^) 
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andE s pr ^r\ T>0 E s pr {T). 

Our main local existence result is the following theorem. 

Theorem 3.1. Suppose that 1 < p, r < +00, s > max{2 + |} and uq G B pr . 
Then there exists a time T > such that the initial-value problem has a unique 

solution u G E p r (T), and the map u$ u is continuous from a neighborhood of uq 



in B pr into 

for every s' < s when r = +00 and s' — s whereas r < +00. 



Remark 3.1. When p = r = 2, the Besov space B p r (K) coincides with the Sobolev 
space H S (R). Theorem \3.1\ imvlies that under the condition uq G iJ s (R) with s > 
5/2, we can obtain the local well-posedness for the initial-value problem il.l]) . 

Remark 3.2. The existence time for the initial-value problem il.l]) may be chosen 
independently of s in the following sense |33| . // 

u G C([0,T];iJ s )nC 1 ([0,T];i7 s - 1 ) 

is the solution of the initial-value problem hl.l]) with initial data u G H r for some 
r > 5/2, r ^ s, then 

u G C([0, T]; H r ) fl C 1 ([0, T]; H r ~ 1 ) 

with the same time T. In particular, if uq G H°°, then u G C([0, T]; H°°). 

In the following, we denote C > a generic constant only depending on p, r, s. 
Uniqueness and continuity with respect to the initial data are an immediate conse- 
quence of the following result. 

Proposition 3.1. Let 1 < p, r < +00 and s > max{2 + ~, |}. Let u^> be two 

given solutions of the initial-value problem lil.l]) with the initial data Uq , G 
B s pr satisfying w (2) G L°°([0, T]\ B pr )nC([0, T];S'). Then for every t G [0,T] : 

||« (1) («)-« (a) (*)ll B .-^ 
<\\u^-u^\\ B s-,expS.C [\\\uU(T)\\ 2 m +\\uW(t)\\ 2 b , )dr). (3.1) 



Proof. Denote it( 12 ) = — uW and m^ 12 ) = rrv- 2 ' — mS l \ It is obvious that 

„(«) eJ L°°([0,T];^ r )nC([0,T];5'), 

which implies that w^ 12 ' G C([0, T]\ B^ 1 ) and u^ 12 ', m^ 12 ' solves the transport 
equation 

f d t m^ + [(u^) 2 - {u x 1] ) 2 ]d x m^ = f{u^ 2 \m^ 2 \u^ M 2 \m^\m^), 

1 (12)1 (12) A (2) (1) 

[ m^'\t=o = mj) ; = mjj ; -m|j 
with 

/( U ( 12 ),m( 12 ), W ( 1 ),^ 2 ),m( 1 ),m( 2 )) := - [(«(«> («« + u^) - u x 12 \u^ + u™)]m™ 

- 24 1 W 12 >(m (1) + ^ (2) ) - 2^ 12 V 2 ') 2 . 



According to Lemma 12.21 , we have 

e - C/ » l|a4(u(1))2 - ( ^ )2](T)ll ^^l| m (-)(t)|| Br ^ 

<ll4 12) ||^-3 + C^- C/ ° ll ^ [( " <1,)2 - (41,)2]11 ^-' (3.2) 
Jo 

x lf(^ 12 \m^ 2 \u^\u^\m^\m^)(T)\\ Bi -s dr. 
For s > max{2 + i, |}, by Lemma [2Tl we have 

<C||m( 2 )|| Brr2 |h (12) || flrrI (|| U (1) || BrrI + ||« (a) || B .-0 
<Ch (12) ll B -(ll- (1) ll^ + lk (2) ll^ r ), 

ll^W^mW+m^ll^-s 
^llnWll^llm^ll^-sCllmWll^-. + ||m( 2 >|| B .-,) 

<c|| u ( 12 )|| srrl (||uW|| B|r + 11^)111^), 

and 

Il4 12) (- (2) ) 2 H B - < C\\u^\\ B; -4rn^\\l Sp7r2 < C||^ 2 )|| Brrl ||^)||^. 
Therefore, inserting the above estimates to (|3.2p we obtain 



(12) || . ^ -C/ n|ax[(n (1) ) 2 -(4 1) ) 2 ](T')ll B ,-2dr 



lk (12) WII B ^ 

x|| U ( 12 )(r)|| Bnl (||^)|| 2 + |h/ 2 >|| 2 )dr. 



Hence, thanks to 

R[(u«) 2 - (u^n\ B; - 2 < C(\\uM\\ B}r + \\u^\\l lr ) 

and then applying Gronwall's inequality, we reach (|3.1[1 . □ 

Now let us start the proof of Theorem 13.11 which is motivated by the proof of 
local existence theorem about the Camassa-Holm equation in |12| . Firstly, we shall 
use the classical Friedrichs regularization method to construct the approximate 
solutions to the Cauchy problem problem 

Lemma 3.1. Let uq, p, r and s be as in the statement of Theorem lff.il Assume 
that u' ' := 0. There exists a sequence of smoo th functions (uW) neN e C(R + ;B™ r ) 
solving the following linear transport equation by induction: 

(T v \{dt + [(u^f - (u£ O ) a ]0*}ro< n + 1 > = -2ut\m^f, t > 0, x e K, 

{ n) \«<" +1 >|« = = Wo, x 6 R. ( J 

Moreover, there exists a T > suc/i i/iai i/ie solutions satisfying the following 
properties: 

(i) (?j'"')„gN is uniformly bounded in Ep r (T). 

(ii) (w^)neN * s a Cauchy sequence in C([0, T]; Bp~ x ). 
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Proof. Since all data S n +iUo belongs to B™ r , Lemma [2.31 enables us to show by 
induction that for all n£M, the equation (T„) has a global solution which belongs 
to C(R; Bjf r ). Thanks to Lemma \2. 2 1 and the proof of Proposition l3.il we have the 
following inequality for all n € N : 

e -^oNia,[(^V-(^¥]«ll B? -^r ||m(n+1)(t)|| ^_ 2 

<ll TO o]| srr 2 + C / e ||< >{m> >) \\ B s-2 dr. 

Jo 

Thanks to s > max{2 + i, |}, we find -Bp^ 2 is an algebra. From this, one obtains 

ll4 n) M n) ) 2 H^- < C\\utH B »-4rn {n %,- 2 < C\\u^\\%s r , 
which along with the above inequality leads to 

e - C /oll^[(« M ) 2 -(4" ) ) 2 ]WII B a- 3 ^ ||u(n+1)(t)|| ^ 

. I, || , n f* ~C J - \m(u^f-(u^f](r')\\ 2 dr' ( ) 3 

<IM|u« r +C/ e B ».»- ||u w (t)IIb| dr. 

Jo 

Hence, we get 

u^ +1) (*)ik. < e c/ot|l ^ [(u( " >)2 - (ui " ,)2l(T)ll ^^i| Uoi |^ 

+ C r e C/ ' ll ^ [( " ( '' ))2 - (4 " ,)2](T ' )ll ^^^|| u ( " ) (r)||| s ^. 



o 



(3.4) 

Let us choose a T > such that 4C||iio|li3 s T < 1, and suppose by induction 



that for all t £ [0, T] 



s d-JSi. (3 - 5) 



Indeed, since -Bp jr 2 is an algebra, one obtains from (|3.5|) that for any < r < t 
C f \\d x [{u^f - (u^) 2 }(r')\\ B5 - 2 dr' < C f \\u^{r')\\%dr' 



ft \\U()\\ B s 1 1 

~ C J l-4C||tJl'». r> dT ' = 4 ln(1 " ^H" " V) - 4 ln(1 - ^Kll^*)- 
And then inserting the above inequality and (|3.5|) into (|3.4=|) leads to 

ii^wik < IMflt - ■ 



^l-AC\\Ml. t t ^/l-4C||u || 2 B ^ 



IKII 3 



x / .yi-4C||tto||i. r -dr 



— 



IKIIb^ / ^ /■* ||uo|| s B . 



>/l-4C||uo|[|. t I Jo (1-4CHU0HI. r)i 
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which implies 



tfl-4C\\uo\\%. J \ */l - 4C\\uo\\ 2 B . tr t 



^Jl - 4C\\u \\l l r t 

Hence, one can see that 



P,r 

Therefore, n£ N is uniformly bounded in C([0,T}; r ). Using the Moser-type 

estimates (see Lemma l2~4l (ii)). one finds that 

ll [(u (n) )2 _ (4»))2]a xm ("+i)|| B| _ 3 < a||m(" +1 )|| B j- 2 (|| u W|||» ir + 

^ciiu^H^jiuWiil.^ 

and 

ll4 n) ("» W ) a || fl; -3 < C||mW||^- a ||«W|| B5ir < C\\u^\\% ly 
Hence, using the equation (T„), we have 

eC([0,T};B s p -}) 

uniformly bounded, which yields that the sequence (u^ n ') n ^ is uniformly bounded 
in££ r (T). 

Next we are going to show that 

(it (n) )„ 6 N is a Cauchy sequence in C([0, T]; B^ 1 ). 

In fact, according to (|3.3[) , we obtain that, for all n, I € N, 

{d t + [(u^f - (ui n +V) 2 ]d x }(m( n+l +V - m ("+D) 

where 

g{u {n+l) , w (n) , m (n+z) , m ( ") , m(™ +1 ) ) 
=[(u< n > - u ( " +z) )(w (n) + M (n+i) ) - (4 n) - 4™ +z) )(4 n) + u< n+, >)]0 a .m< n+1 > 
- 24" +i) (^ (,l+0 - m (n) )(m (n) + m< n+i) ) + 2(4"' - 4 n+0 )(m (n) ) 2 . 
Applying Lemma l2~2l again, then for every i 6 [0, T], we obtain 

e -<7/- IIK-^o,-_ ( ^-o ) - ]M ,,^_ i< ^ ||(TO( _ w+1) _ TO C«+i) X * )Nj ^_, 

<\\ m r i+i) -m£ +i) \\ B >s+c r t e ^zM*™r-^n™ a #*r' 

p ' r Jo 

x \\g(u {n+l \u {n \m in+l \m {n \m (n+1) )\\ B s- 3 dr, 
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which is equivalent to 



x "0 II Bp 

x \\g(u (n+l \u {n \rn {n+l \m^\m {n+1 ^)\\ B s^ dr. 
In the case of s > max{2 + i, |}, one can deduce that 

||[(«W - + - (4 n) - *4" +i ))(4 n ) + u^+^P.m^+^Hj 

<C||m(" +1 )|| B e- 2 (||u(" +i ) - u («)|| Brrl || u (»+0 +uW|| B .-i 

+ - 4 n) || B a- 2 ||4" +i) - 4' i) IIb-) 

<C||u<»+ 1 > - uW|| B5 -i(||uW||i. r + + ||u("+0||| 5r ), 

-roW)(mW +m (n+i) )|| B .-3 
<C||u (n+i) Jm^ - m'"! || B .- 3 ||m (n+ ') + m (n) || fl .-a 

^CH^) -« (n) |lB;-i(||« (B) |||. iP + ||tt (n+0 |||. ir ), 

and 

-4™+'))(m(")) 2 || B 3-3 < C|| U ("+0 -« (B) || fl; -lM n) llfl--=i 
<C||u (n+i) -« {n) || B .-i||uW||| Jp . 
From this, one finds that 

\\g{u (n+l \u in \m (n+l \m^\m {n+1 ^\\ B s^ 
<C\\u^ - «W (||u< n > |||. r + ||u ( ™ +1) Hi, r + ||u ( " +Z) |||. r ). 
Therefore, we obtain 

ft ||r/„(n+!)l2_r„("+0l2l 



■°^ IIK ^ ,), -^ ) " ]Wll ^*||(„C^)-„(«+i))(t)|| fl .- 1 



"0 IIB'- 1 

x || («(»+') -t t W)(r)|| fl . rrl (||«W(r)|||. p + || U (n+1) (r)|| 2 B?r + || U ( " +/) (r)|||,J) dr. 
Since (u^) n gN is uniformly bounded in r (T) and 

n+l 

(n+l+1) (n+l) a ST^ » 

g=n+l 

then there exists a constant CV independent of n and Z such that for all t £ [0, T] 

H (u cn + m) _ uC^j^ii^ < c T (V" + J* \\(u^ - u^)(r)\\ B ,-,d^j . 

Arguing by induction with respect to the index n, one can easily prove that 

ll„,(ra+i+l) ,.(«+! II 

W u H^w; 1 ) - 7^xtv-II u u IU?(*5.r) + c TZ^ 2 fci ■ 

V ; ' k=0 
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Similarly \\u"' \\l^(b s r ) can be bounded independently of I, we conclude that there 
exist some new constant C' T independent of n and I such that 



Hence (u^) ne ^ is a Cauchy sequence in C([0, T]; r 1 ). □ 



Proof of Theorem \3.1\ Thanks to Lemma l3~Tl we obtain that (u^) n ^jq is a Cauchy 
sequence in C([0, T}; Bp" 1 ), so it converges to some function u e C([0, T]; -Bp^ 1 )- We 
now have to check that u belongs to E* r (T) and solves the Cauchy problem (jl.ip . 
Since (u^) n€N is uniformly bounded in L°°([0, T];B* r ) according to Lemma |3~TI 
the Fatou property for the Besov spaces (Proposition 12.21 iv)) guarantees that u 
also belongs to L°°([0, T];B^ r ). 

On the other hand, as (u'"^)„ e N converges to u in C([0,T]; B^ 1 ), an interpola- 
tion argument ensures that the convergence holds in C([0,T]; B* r ), for any s' < s. 
It is then easy to pass to the limit in the equation (T n ) and to conclude that u is 
indeed a solution to the Cauchy problem Thanks to the fact that u belongs 

to L°°([0, T]; B^ r ), the right-hand side of the equation 

dtm + (u 2 — u 2 j,)d x ra = —2u x m 

belongs to i°°([0, T]; B^~ r 2 ). In particular, for the case r < oo, Lemma T2.3I enables 
us to conclude that u £ C([0,T];B| r ) for any s' < s. Finally, using the equation 
again, we see that d t u e C([0, T]; B^ 1 ) if r < oo, and in L°°([0, T]; B^ 1 ) otherwise. 
Moreover, a standard use of a sequence of viscosity approximate solutions (u e ) e> o 
for the Cauchy problem which converges uniformly in 

C([0,r];B' ir )nC 1 ([0 > T];B|- 1 ) 

gives the continuity of the solution u in £p r (T). □ 

4. Blow-up scenario and global conservative property 

In this section, attention is now turned to blow-up issue. We first present a 
blow-up scenario. 

Theorem 4.1. Let uq £ H s , s > 5/2, and u{t,x) be the solution of the Cauchy 
problem 11. 1]) with life-span T . Then T is finite if and only if 



lim inf 

tfT 



inf (mu x (t,x)) 



Proof. Since the existence time T is independent of the choice of s, in view of 
Remark 3.2, we only need to consider the case s — 3 by utilizing a simple density 
argument. Multiplying Eq. (jl.l|) by m and integrating over R with respect to x 
yield 

— — f m 2 dx — — { (u 2 — u x ) mm x dx — 2 f u x m 3 dx 

= - I (u 2 - u 2 x ) x m 2 dx — 2 j u x m 3 dx 
2 Jr x Jr 

- f u x m 3 dx. 
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Differentiating the first equation with regard to x, one finds that 

m xt = -2u xx m 2 - 6u x mm x - (u 2 - u x )m xx 

= —2um 2 + 2to 3 — 6u x mm x — (u 2 — u 2 )m xx . 

Then multiplying the above equation by m x and integrating over R with respect to 
x, it leads to 



1 d 
~2dt 



m 2 dx 



— / (u — u x )m x m xx dx — 2 um m x dx — 6 u x mm x dx + 2 / m m x dx 
Jr Jr Jr 

— j (u 2 — u 2 ) x m 2 dx + — f u x m 3 dx — 6 f u x mm 2 dx 



= —5 / u x mm x dx + — u x m dx. 
Jr 3 J R 

Therefore, 

(* / 2 2 \ f* 2 ^ f* 3 

— / (m + m x ) dx = — 10 / u x mm x dx — — u x m dx. 
dt Jk Jr 3 J R 

If mu x is bounded from below on [0, T) x R, i.e., there exists JV > such that 
mu x > —N on [0, T) x R, then it is thereby inferred from the above estimate that 

— / (m 2 + to 2 ) dx < ION / (to 2 + to 2 ) dx. 

Applying Gronwall inequality then yields for t S [0, T) 

llmll 2 ,, < / {m 2 + m l)dx<e^ f (m 2 + m 2 0x ) dx = e WNT \\ mo \\ 2 H1 . (4.1) 
Jr Jr 

Differentiating the first equation with regard to x twice, one finds that 

rrixxt = —2u x m 2 — Aumm x + 6m 2 m x — 6u x m 2 — 6u x mm xx — 6u xx mm x 
- 2u x mm xx - (u 2 - u 2 )m xxx 
= —2u x m 2 — I0umm x + 12m 2 m x — 6u x m 2 — 8u x mm xx — (u 2 — u 2 )m xxx . 

Then multiplying the above equation by m xx and integrating over R with respect 
to x, we get 

(u 2 — u 2 )m xxx m xx dx — 8 / u x mm xx dx — 2 \ u x m 2 m xx dx 
i Jr Jr 

+ 12 m 2 m x m xx dx — 10 / umm x m xx dx — 6 / „ dx. 



For the right hand side of the above equation, integrating by parts one finds that 

2 



(u 2 — u 2 )m xxx m xx dx = — I (u 2 — u x ) x m xx dx = I u x mm xx dx, 
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-2 / u x m m xx dx = 2 m x (u xx m +2u x mm x ) dx 
Jr 

= 4 / u x mm 2 dx + 2 / (it — m)m 2 m x dx 
Jr Jr 

= 4 f u r mm 2 dx — — f u x vr? dx. 



and 



—6 / u x m xx m 2 dx = 2 / u xx m x dx — 2 / wiij dx — 2 / toto^ da; 

,2 



-2 j u x mm x dx ~ A J umm x m xx dx 
2 I m 2 m x m xx dx, 



Where we have used 

2 I i 

and 

Therefore, 

— — f m xx dx = —1 f u x mm xx dx + 2 I u x mm x dx — — / it^m 3 dx 
2 dt ,/ H ./h ./» 3 

,2 



+ 14 / m m x m xx dx — 14 / umm x m xx dx 



And so 



(m + wij + m H ) da; 

— 14 / u x mm xx dx — 6 / u x mm 2 dx — 2 / u x m 3 dx 
Jr Jr Jr 

+ 28 m 2 m x m xx dx — 28 / umm x m xx dx. 



If miij is bounded from below on [0, T) x R, i.e., there exists N > such that 
ttiu x > —N on [0,T) x R, then applying (|4.1[) we can deduce that 

< 14ZV / (to 2 +to 2 +to 2 J da; + 28(||TO|||oo + ||777nj| L oc) / Ito^to^I dx 



< 142V / (to 2 + ?77 2 + m 2 xx ) dx + 28||m||^i / (to 2 + to 2 + to 2 J dx 

Jr Jr 

< 14(iY + 2e 10ArT ||TO ||^ 1 ) / (to 2 +to 2 +to 2 J dx. 
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For any t £ [0,T), using Gronwall inequality again it leads to 

||w||ff4 < \\mf H 2 = / (m 2 + m 2 x + m 2 xx ) dx 
Jr 

<exp(14T(7V + 2 e 10JVT ||m || 2 ffl )) f (™l + m 2 0x + m% xx ) dx 

Jr 

^ cM^T(N + 2e 10NT \\m \\ 2 Hl ))\\u \\ 2 Hi . 

The above inequality and Sobolev's embedding theorem ensure that the solution 
u(t, x) does not blow up in finite time. 
On the other hand, if 



lim inf 



inf (mu x {t,x)) 

x£R 



by the existence Theorem 13. II of the local strong solution and Sobolev's embedding 
theorem, we infer that the solution will blow-up in finite time. The proof of Theorem 
14. H is thus complete. □ 

In order to demonstrate a conservative property, let us consider the trajectory 
equation 

^ = (u 2 -u x )(t,q(t,x)) , 42 > 
q(0,x) = x. 

For all t > 0, a simple computation shows that 
d 

— [m(t, q(t, x))q x {t, x)} 
= [m t (t,q) +m x (t,q)q t ]q x + mq xt 
= q x [m t (t,q) + {u 2 - u 2 x )m x (t,q)} +2u x m 2 q x 
= Qx\ m t + (u ~ u x) m x + 2u x m 2 } = 0. 
Therefore, m(t,q(t,x))q x (t,x) is independent of the time variable t. That is 
m(t,q(t,x))q x {t,x) = to(0,x) = u (x) - u 0xx (x). 



5. Analyticity of solutions 
In this section, we shall establish the following analyticity result. 

Theorem 5.1. Let u be a real analytic function on M. There exist an e > and 
a unique solution u of the Cauchy problem that is analytic on (— e, e) x R. 

Note that it is sufficient to verify the conditions 1) and 2) in the statement of 
the abstract Cauchy- Kowalevski Theorem 12. II for both F(U, V) and G(U, V) in the 
system (|2.3p since neither F nor G depends on t explicitly. Note that uo is analytic 
by the assumption of Theorem 15.11 we can deduce that both ||uo||| s and |||wq||| s / 
are bounded. Without loss of generality, we assume that there exist constants 
M , Ah > such that |||«o|||« < M , ||KW« < M U and so ||K||| S ' < cM /(s-s'). 
In order to prove 1), for < s' < s < 1, the estimates in Lemma T2.5I and l2~6l imply 
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the following bounds 
\\\F(U,V)\ 



\\\G(U,V)\ 



hence condition 1) holds. 

Note that to verify the second condition it suffices to estimate 

\\\F(U 1 ,V)-F(U 2 ,V)\\\ a ,,\\\F(U,V 1 )-F(U,V2)\\\ a ., 

and 

\\\G(U 1 ,V)-G(U 2 ,V)\\\ a ,,\\\G(U,V 1 )-G(U,V 2 )\\\ s ,. 

Since 

IWF^VtyFiU^Va)^ < lll^i.VO-F^.^llly+lllF^,^)-^, ^III,- , 
and 

\\\G(U 1 ,V 1 )-G(U2,V 2 )\\\ S , < |||G((7 1 ,F 1 )-G(C/ 1 ,^)|||^ + |||G(C/ 1 ,F 2 )-G(C/ 2 ,F 2 )||| S -. 

Using this together with Lemma 12.51 and 12.61 we get the following estimates 
\\\F(U U V) - F(U 2 ,V)\\\ a . 

< \ \\(V + u'oKU! -Ui)(Ui +U 2 + 2u )\\\ s , + \\\d x (l -d 2 x )- 1 [(Z7i - U 2 )(V + u' ) 2 ] ||| s - 
+ l\\\d x (l -dl)- 1 {(£/! - U 2 )[(U! + u Q ) 2 - (U± + u )(U 2 + u ) + (U 2 +u ) 2 }} \\\„, 

<2c 2 (\\\V + u' Q \\\ 2 s , + + uo|||2 + |||^a + uo|||*)|||tfi -U 2 \\\ s 

< 2c 2 [2(R + M ) 2 + (R+ ^L) 2 ] || \U ± - U 2 \ \\ s , 

s — s' 
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U> <c 2 \\\U + Uo |||2|||y + u ' \\\ s , + — \\\V + u' \\\ 3 a , + — \\\U + uo\\ 
+ c 2 |||C/ + Uo ||| s |||y + ^|||2, 

<c 2 [{R + M ) 2 {R + ^) + \{R + ^Lf 
s — s' 6 s — s 

+ l(R + M f + (R + M )(R+^%) 2 } 
o s — s' 



\ s , <2 C 2 |||C/ + U o||U|||U + ^|||^ + ^|||C/ + U „|||^ + ^|||U + U [,|||3 

+ ^|||Cr + uo|0|V + uJ|||. + 7 ^|||V + «' |||.|||V + uJ ) |||J 

< 2c 2 {R + M )(R + + ^(R + M ) 3 + ^hf 

s — s 6 6 s — s' 

r 3 r % _ TUT 

+ 7 (R + M )\R + Mi) + 7 (R + Nh){R + -^) 2 , 



IWFiU^) - F(U,V 2 )\\\ S < 

< -f- T i0 ) 2 (V- 1 _ V- 2 )||| s , -K ^-|||(Vi — V- 2 )[(Vi + -u^) 2 — (V-i -K -^^)(V2 -K -u^) ^ (V2 ^^) 2 ]||U- 
+ 1||0*(1 - dlr 1 [(Vi - V 2 )(U + uo){Vi + V 2 + 2u' )} |||y 

+ ^111(1 ~ d'y 1 {(Vi - V 2 )[(Vi + u' f (Vi + u' )(V 2 + u' ) + (V 2 + u' ) 2 }} ||| s , 
<2 c 2 (|||F 1 +^|||2, + |||y 2 + u [ ) |||2, + |||[/ + U0 |||2)|||^ 1 _^ 2 ||| s 

< 2c 2 [2(R+ _£^L)2 + {R + M Q )2]\\\ Vl - V 2 \\\ 3 , 

s — s' 

WlGiU^V) - G(U 2 ,V)\\\ S , 

< \\\(V + u' ) 2 (U 1 - U 2 )\\\ a > + ^IIK^i - U 2 )[{U X + u ) 2 - (Ui + u )(U 2 + uo) + (U 2 + u Q ) 2 ]\\\ s , 
+ \\\(V X +u'l){Ux - t/ 2 )([/! + U 2 + 2u )||| fl ' + 111(1 - a 2 )" 1 [(V + ^) 2 ((7! - U 2 )] \\\ s , 

+ |lll(l -3 2 )- 1 {(C/i - C/ 2 )[(C/i +« ) 2 - (Ui +u )(U 2 +u ) + (U 2 +u Q ) 2 }} \\\ s , 

< (3c 2 + 2(s ^ s , )2 )(ll|V + ^|| 2 , + |||V + ^||| 2 + HiC/i + ^o||| 2 + |||t/ 2 + ^o||| 2 0lll^i-C/2||| s 

<(3c 2 + 9 , ! 3 gM2 )[2(fl + M ) 2 + (i? + J\/ 1 ) 2 + (i 1 '+^ 7 ) 2 ]|||£/ 1 -£/ 2 ||| s , 
and 

|||G(£/,Vi)-G([/,V 2 )|||y 

< \\\(Vi-v 2 )(u + uo)(y 1 + v 2 + 2u' )\\\ sl + \\\(y 1 -v 2 )(v 1 + u' ) x {v 1 + ^ + 24)11^ 

+ 111(1 - 5 2 )" 1 [(VI - V a )(U + uo)(Vi +V 2 + 2u' )} + |||(V2 +<) 2 (14 - ^IIU, 

+ ^lll^(i - a 2 )- 1 {(vi - K a )[(H + - (vi + </ )(v 2 + + (v 2 + ^) 2 ]} |||y 

+ \\\(Vi-V 2 ) x (U + u Q ) 2 \\\ s , 

- (4 ° 2 + 2j^~^ mVl +U '° 1 ^ + + m + u olll 2 ' + lll^ + ^o|||?)|||V 1 -V 2 ||| s 

^ ( 4c2 + o^_ g M2 )[( fl + M °) 2 + ( R+ M ^ + 2(i? + -^7) 2 ]ll|Vi - V 2 ||| s . 

This implies that the condition 2) also holds. Hence, the proof of Theorem 15.11 is 
complete. 

6. Appendix A. Geometric descriptions 

It has been known for long time that integrable equations solved by the inverse 
scattering transform method have elegant geometric interpretations. Several differ- 
ent geometric frameworks have been utilized to provide geometric interpretations 
to integrable systems. For instance the celebrated CH equation was shown to de- 
scribe the geodesic flow of the Riemannian metric on the diffeomorphism group of 
the circle [21] and pseudo-spherical surface [29]. It also arises from a non-stretching 
invariant planar curve motion in the centro-equiaffine geometry [5]. What is more, 
the mKdV equation, the sine-Gordon equation, the Schrodinger equation, the KdV 
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equation and the Sawada-Kotera equation arise naturally from non-stretching in- 
variant curve flows in Klein geometries (see [5J [SJ [TSl [TB] and references therein) . 

In this appendix, we show that the equation arises from non-stretching 

invariant curve flows respectively in two-dimensional Euclidean geometry and two- 
dimensional sphere, and it also describes a pseudo-spherical surface. 

First, we study non-stretching invariant plane curve flows in the Euclidean ge- 
ometry R 2 , governed by 

§J = /n + fft, (A.l) 

where t and n are the Euclidean tangent and normal vectors, / and g are re- 
spectively the normal and tangent velocities depending on the curvature and its 
derivative with respect to the arc-length s of the curve. Let ds = hdp, where p is 
the free parameter independent of time t and h is the metric of the curve. A simple 
computation gives 

ht = (g s - Kf)h. 

Assume that the distance (along the curve) between any two points of the curve is 
invariant under the curve motion (A.l), that means [J^, Jj] = 0. Hence we deduce 
that 

g s - Kf = 0. 

Let L be the parameter for a closed curve. A direct computation shows 
^ = j> (g s - nf)da = - j> Kfds. 

Furthermore, assume that L is invariant under the curve flow (A.l). Then we 
require 



Kfds = 0. 

'7 

By the curve flow (A.l), a straightforward computation leads to the evolution of 
the frame given by 



t \ / f s + Kg \f t 

n A \-(fs + Kg) Mn 



(A.2) 



Let 9 be the angle between tangent vector of the curve and a fixed direction. Then 
t = (cosS, sin#), n = (— sin#, cos 9). From (A.2), we get 

6t = fa + Kg. 

Hence the curvature k = jr- satisfies [TS] 

Kt = (f s + K g) s = (If, (A.3) 

where = &l + k 2 + k s 8~ 1 k is the recursion operator of the mKdV equation 

3 2 

Kt — rt sss + —K K s . 

Set / = — 2v s , k = m = v — v ss . Then g = —(v 2 — v 2 ) + b, b is a constant. Hence 
v(t, s) satisfies the equation 

m t + [{v 2 - v 2 s )m} s + (b + 2)v sss - bv s = 0. (A.4) 
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After the transformations t — > t, s — > x = s + (b + 2)t, then (A. 4) becomes 

tth + [(v 2 - vl)m] x + 2v x = 0, m = v — v xx . (A. 5) 

Furthermore, by the scaling transformations v — > e~ 1 u, t — > e 2 r, it then follows 
from (A. 5) that 

m T + [(u 2 — u 2 )m] x + 2e 2 u x = 0, m = u — u xx . (A. 6) 

Assume that u x is uniformly bounded in R and let e —> 0. Consequently, we arrive 
at (Al). 

Next, we consider the non-stretching curve flows on the two-dimensional sphere 
S 3 (R), governed by 

It = fn + gt, (A.6) 
where n and t are respectively the normal and tangent vectors, / and g stand for 
the normal and tangent velocities, depending on the geodesic curvature </> of the 
curve and its derivative with respect to the arc-length s, they satisfy the Frenet 
equations [3] 

p \ / f \ 

-P k t , (A.7) 

-k / \ n J 

where p = 1/R and f — p"/ is the unit vector in the radial direction. 
Since the Frenet frame is orthonormal, its time evolution is given by 

pV pU \ ( f \ 
~pV A j| i . (A.8) 
-pU -A J \ h J 

Assume that the curve does not stretch during the curve motion, the arc-length 
does not depend on time. So s and t can serve as local coordinates on the sphere, 
and the commute relation 

~ d_ 

ds ' dt 

holds. It follows from (A.7), (A.8) and (A.9) that 

A = U S + <j)V 
and the curvature (j> satisfies the equation 

<Pt = {U S + W) S +P 2 U (A.10) 

with the condition 

V. = cf>U. (A.lf) 
The substitution of (A. II) into (A. 10) leads to the equation for the curvature 

4h = (^ + P 2 )U, (A.12) 

where f2 is the recursion operator of the mKdV equation. Set (f> = m = u — u SSl 
U = — 2u s , then V = — (u 2 — u 2 ) + b, and u(t, s) satisfies the equation 

m t + [{u 2 - u 2 s )m] s + (b + 2)u sss - (b - 2p 2 )u s = 0. (A.13) 

After the transformations t — > t, s — > y = s + (b + 2)t, this equation reduces to 

m t + [(u 2 — u 2 )m] y + 2(1 + p )u y = 0, m = u — u yy . (A. 14) 

Hence following the approximate argument again in (A. 5) and (A.6), we obtain 
(A.l) in a different way. 
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= (A.9) 



Remark A.l. It was shown by Reyes |29) that the CH and HS equations describe 
pseudo-spherical surfaces. Similarly, we can show that the equation 11. 1\) also de- 
scribes pseudo-spherical surfaces, i.e., there exist one-forms 



Wi = 



[^O - 1(1 + A)v // T _ ~\2 + _ 1 A (l + \))m]dx 

[2A- 2 ^m+ A- 2 (l + A) v^^+ + ^)(«. + A- 1 .) 



+ 



i(l + A)v^A^+ (|A- 2 (1 + A) + T ^)mj (u 2 - U 2 )] 



U>2 



Xdx - [2X- 1 - 2A _ Vl - A 2 u K + A(u 2 - u 2 )]<ft, 



^3 = ["VlT?- V 1 + A )V / T T ^ - + |A(1 + A))m]efe 

+ [2A- 2 yiI|- a- 2 (i + x)VT^y + - i±*)(«. + a- 1 .) 

- (V + A)v^^ - + ( 1 A - 2 (l + A) - (. 2 - ul)] 

which satisfy the structure equations for pseudo- spherical surface 
duji = CJ3 A ll>2, du>i — u)3 A u>2, duj\ = lj^ A u>2- 



Based on the structure equations, using the equations for pseudo-potential, we 
are able to obtain two sets of conservation laws of equation (jl.ip . 
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ON THE CAUCHY PROBLEM FOR THE INTEGRABLE 
CAMASSA-HOLM TYPE EQUATION WITH CUBIC 
NONLINEARITY 



YING FU, GUILONG GUI, YUE LIU, AND CHANGZHENG QU 



Abstract. In this paper, we are concerned with the Cauchy problem 
for the integrable Camassa-Holm type equation with cubic nonlinearity. 
We establish the local well-posedness in a range of the Besov spaces 
and derive the blow-up scenario. With analytic initial data, we then 
show that its solutions are analytic in both variables, globally in space 
and locally in time. We also demonstrate nonexistence of the smooth 
traveling wave solutions. Finally, we give geometric descriptions to this 
integrable equation. 

Key words and phrases. Besov space, Local well-posedness, Blow up, Analyticity. 
2000 Mathematics Subject Classification. Primary: 35B30, 35G25. 



1. Introduction 

In this paper, we are concerned with the following Cauchy problem of the 
Camassa-Holm type equation with cubic nonlinearity, 

| m t + (u 2 - u\)m x + 2u x m 2 = 0, t > 0, x € R, ^ 
u(0,x) = uq(x), m = u — u xx , iel. 

The equation in was introduced by Olver and Rosenau [3D] (see also [T7]) as a 
new generalization of integrable system by implementing a simple explicit algorithm 
based on the bi-Hamiltonian representation of the classically integrable system. In 
most cases, these new nonlinear systems are endowed with nonlinear dispersion, 
and thus support non-smooth soliton-like structures. Later, it was obtained again 
by Qiao |33| from the two-dimensional Euler equation. It was shown in |33| that 
the equation in (jl.ip admits the Lax-pair and the Cauchy problem (jl.ip may be 
solved by the inverse scattering transform method. 

The equation in is completely integrable and can be rewritten as the bi- 

Hamiltonian form |30| . that is 

m t = -{{u - u x )m) x = J— — = K— — , 

dm dm 

where 

J = —dmd~ 1 md, and K = d 3 — d, 
corresponding to the Hamiltonian 

Hq = 2 mu dx, 



and the Hamiltonian 



Hi = \ f U 4 + 2u 2 u 2 x - ^ut 



It also admits the Lax pair |33) . that is 

'Zl-^O- (*).-" ( --*>(S 



where 




and 

V(m, u, A) 



U(m, A) 



A 2 + -{u--u 2 x ) -A 1 {u-u x ) ~ -\m{u 2 -u 2 x ) 

1 1 



2 2 V 
The Camassa-Holm (CH) equation [2 [18] defined by 

m t + um x + 2u x m = 0, m = u — u xx 

has attracted much attention in the last twenty years because of its interesting 
properties: complete integrability, existence of peaked solitons and multi-peakons 
|H , geometric formulations [5J [T^J [27] and the presence of breaking waves (i.e. 
a solution that remains bounded while its slope becomes unbounded in finite time) 
[HI [9l [TQl Hi] . Note that the nonlinearity in the CH equation is quadratic. In contrast 
to the integrable modified KdV equation with a cubic nonlinearity, it is our interest 
to find an integrable CH-type equations with a cubic nonlinearity. Indeed, two 
integrable CH-type equations with cubic nonlinearity have been discovered recently. 
One is the equation (jl.l[) and the second one is the so-called Novikov equation [55] ■ 
The integrability, peaked solitons, well-posedness and blow up phenomena to the 
Novikov equation have been studied extensively, see the ref. [22. 23, 29] [36[ [37] . 

The goal of the present paper is to establish qualitative results for the initial value 
problem We first study the local well-posedness for the strong solutions to 

the Cauchy problem (|1.1[) . The proof of the local well-posedness is inspired by the 
argument of approximate solutions by Danchin |15| in the study of the local well- 
posedness to the CH equation. However, one problematic issue is that we here deal 
with a higher order nonlinearity in the Besov spaces, making the proof of several 
required nonlinear estimates somewhat delicate. These difficulties are nevertheless 
overcome by carefully estimates for each iterative approximation of solutions to 
(jl.ip . With the local well-posedness obtained in hand, we then present a precise 
blow-up scenario and a conservative property. We also prove the analyticity of its 
solutions u = u(t, x) in both variables, with x in R and t in an interval around 
zero, provided that the initial profile uq is an analytic function on the real line. 
Hence, this analytic result can be viewed as a Cauchy-Kowalevski theorem for 
(jl.ip . Finally, we give the geometric descriptions to this equation. 

It is well known that the solutions of the KdV equation are analytic in the space 
variable for all time [38] but are not analytic in the time variable [24] . In contrast 
with the KdV equation, the solutions to the Hunter-Saxton (HS) and Camassa- 
Holm equations are analytic in both space and time variables for a short time 
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[2"Tll36| . Like the CH and HS equations, we will show that solutions of the Cauchy 
problem (jl.ip are analytic in both space and time variables. 

As mentioned above, a well known fact is that the CH equation has the peakons 
[2] , which were shown to be orbitally stable in the intriguing papers [T31 H3] ■ Sta- 
bility of the periodic peakons of the CH equation can be found in [26] . So it is of 
interest to identify traveling- wave solutions of the equation in (|l.ip . Indeed, Qiao 
|33| found that the equation in (jl.ip has a cusped soliton given by 

u(t, x) = u(X) = ± ^2 - 3 cosh 2 X + ^cosh A + v/3(3coshA + 1) (cosh A - 1) 

x 11 

where X = £, and a so called "W/M" -shape-peakon soliton of the form 



2 6 
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u(t, x) = u(X) = 2-3 cosh 2 X + ( cosh A + ^ ) v/3(3coshA + l)(coshA - 1) 



where X = — In 2. In this paper, we are able to show that the equation 

in (jl.ip does not have nontrivial smooth traveling-wave solutions. 

The plan of the paper is as follows. In Section 2, some preliminary properties, 
which will be used later, are presented. The local well-posedness in the Besov spaces 
is established in Section 3. In Section 4, a blow-up scenario and a global conservative 
property of (jl.ip will be derived. Section 5 is devoted to the study of the analyticity 
of the Cauchy problem (jl.ip based on a contraction type argument in a suitably 
chosen scale of the Banach spaces. Such an approach to analytic regularity of 
solutions to Cauchy problem (jl.ip was initiated by Ovsjannikov [311 I3"!2] as an 
abstract Cauchy- Kowalevski theorem and later further developed by Nirenberg [35] , 
Baouandi and Goulaouic [1] among others and subsequently applied to the Euler 
and Navier-Stokes equation. Non-existence of the smooth traveling wave solutions 
is proved in Section 6. In Appendix A, the precise geometric descriptions of the 
equation in (jl.ip are given. 

Notation. In the following, for a given Banach space Z, we denote its norm by || • \\z- 
Since all space of functions are over R, for simplicity, we drop R in our notations of 
function spaces if there is no ambiguity. We denote Tu or u the Fourier transform 
of the function u. 



2. Preliminaries 

In this section, we first present the Littlewood-Paley theory and the properties 
of the Besov-Sobolev spaces which will play a key role to prove local well-posedness 
for the Cauchy problem (jl.ip . Then we introduce a new space, whose properties 
are studied. In order to verify the analyticity of solutions to (jl.ip . the abstract 
Cauchy-Kowalevski theorem for identifying analyticity of the Cauchy problem is 
presented. 

Proposition 2.1. [5] (Littlewood-Paley decomposition) Let B = {£ S R, |£| < |} 

and C = {£ € R, | < |£| < §}. There exist two radial functions x £ C^(B) and 
(p E C^°(C) such that 

X (0 + ]>>( 2 ~ 9 = 1, v £eR d , 

q>0 
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\q-q'\>2=> Supp^(2~ q -) n Supp<p(2~ q ' ■) = 0, 
q > 1 => Suppx(-) n Supp</?(2~ q -) = 0, 

and 

^<X(0 2 + $>(( 2 "^)) 2 <1, V 

g>0 

Furthermore, let h = T~ l Lp and h = J-~ 1 x- Then the dyadic operators A g and 
S q can be defined as follows 

A q f = p(2-»D)/ = 2<? d / fe(2«»)/(s - y)dy for q > 0, 

S q f = x (2-«i3)/ = V A fc / = 2" d / h(2«y)/(a; - y)dy, 

-i<fc<«-i ^ 
A_x/ ^ S f and A,/ 4 for q < -2. 

Lemma 2.1. [5] (Bernstein's inequality) Let B be a ball with center in R d and C 
a ring with center in M. d . A constant C exists so that, for any positive real number 
A, any non negative integer k, any smooth homogeneous function a of degree m and 
any couple of real numbers (a, b) with b > a > 1, there hold 

Suppu cAB^ sup ||d a u|| Lb < C k+1 A k+d( --^||u|| L a; 

|a|=k 

Suppu c AC => C-^A^MIl. < sup ||(9 Q u|| L a < C 1+k A k ||u|| L a; 

\a\ — k 

Suppu c AC => |k(D)u|| L b < C ff , m A m+d ^"^||u|| La . 
/or any function u £ L a . 

Definition 2.1. [5] (Besov space) Let s E 1,1 < p, r < oo. 27ie inhomogenous 
Besov space Bp r (R d ) (B^ r for short) is defined by 

B' p>r = {/ e S'(R d ); \\f\\ Blr < oo}, 

where 

f (j2 2qSr W\f\\lX, for r<co, 
\\J\\B} r = \ v ?ez ' 

su P 2 9S ||A 9 /|| L p, for r = oo. 

if a =oo, s~ =a GR ^, r . 

Proposition 2.2. [T51 [TB] The following properties hold, 
i) Density: if p, r < oo, f/ien is dense in Bp r (M. d ). 

s-dM — ) 

Sobolev embeddings: if pi < P2 ?*i < H2, £/ien 5^ ri B P2 ^ 2 P1 P2 . // 
Si < S2, 1 < p < +00 and 1 < ri, r2 < +00, then the embedding -Bp 2 r , ^ -B*^ is 
locally compact. 

Hi) Algebraic properties: for s > 0, r D is an algebra. Moreover, (Bp r is 
an algebra) ^> (B & p r ^ L°° j (s > | or (s > | and r = f jj. 

ivj Fatou property: if (u^ n ') n ^ is a bounded sequence of B^ r which tends to u 
in S' , then u £ B^ r and 

H B|r <lim inf \\uM\\ B s r . 
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v) Complex interpolation: if u £ r PI r and 6 G [0, 1], 1 < p, r < oo, £/ien 
U G -Bp S r + ^ 1_e ^ and llitll e s+( i_e)i < IMIrs llullljl 9 ■ 

vi) Let m G R and f be a S m -multiplier (that is, f : M. d — > R is smooth and 
satisfies that for all multi-index a, there exists a constant C a such that for any 
£ G R d , |0°7(£)| < C a {l + |C|) m_|a| J Then for all s G R and 1 < p,r < oo, the 
operator f(D) is continuous from B^ r to Bp~ m . 

Lemma 2.2. |T5l [16] Suppose that (p, r) G [1, +oo] 2 and s > — |. Let v be a vector 

field such that Vw belongs to L 1 ([0, T}; B^' 1 ) if s > 1 + | or to L x ([0, T]; 5/ >r n 
L°°) otherwise. Suppose also that /o G -Bp r , F G L^O, T]; -Bp r ) and £/ia£ / G 
L°°([0,T]; Bp r ) nC([0, T];5') solves the d-dimensional linear transport equations 



(T) 



d t f + v-Vf = F, 
/|t=o = /o- 



T/ien there exists a constant C depending only on s, p and d such that the following 
statements hold: 

1) Ifr = l or s^l + f } , then 

ll/llB; P <H/o||B ;r + f \\F{t)\\ b . dr + C f V'{r)\\f{r)\\ B . dT, 
Jo Jo 

or 

\\f\\ B s r < e cv U hf \\ B . r + J\- cv ^\\F(t)\\ B sJt^ (2.1) 

hold, whereVit) = /' ||Vw(t)|| & dr if s < 1+| andV{t) = /' ||Vu(r)|| B .-idT 
e/se. 

2; J/s < 1 + | and, in addition, V/o G L°°, V/ G L°°([0,T] x R d ) and VF G 
^([OjTJjL 00 ), i/ien 

ll/(*)lk. + l|v/(t)|k~ 

<e cy W fll/olU.,, + HV/olk- +^ e -^M ( || F(r) || B ^ + ||VF(T)|Uoo)dr) 

imtfi Wt) = f* ||Vw(t)|| d dr. 

B/, r nL~ 

5j /// = v, then for all s > 0, t/ie estimate \2.1}) holds with V(t) = J* \\d x u(r) ||ioodr. 
4) Ifr < +00, then f G C({0,T}; B° >r ). If r = +00, i/ien / G C([0, T]; B^) for 
all s' < s. 

Lemma 2.3. I fi) Let (p,pi,r) G [l,+oo] 3 . Assume that s > — dminj^-,^-} with 
p' = (1 - i)- x . Lei /o G S* jr and F G ^([0, T]; B£ r ). Let w 6e a tame dependent 
vector field such that v G L p ([0, T]; L?^/^) /or some p > 1, M > and Vu G 

L^nSptoonL 00 ) j/s< l + and V« G L 1 ([0, T];B*~l) if s > 1 + £ or 
s = 1 + and r = 1. TTierc i/ie transport equations (T) has a unique solution 

f G L oo ([0,T];L?^ r )n(n s /< s C([0,T];L?^ 1 )) and tte inequalities in Lemma\K^ hold 
true. If, moreover, r < 00, then we have f G C([0,T]; Bp* r ). 
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Lemma 2.4. [5] (1-D Moser-type estimates) Assume that 1 < p, r < +oo, the 
following estimates hold: 

(i) for s > 0, H/sHfl. ? ,(r) < C(||/|| B = ir (R)|blU«>(R) + l|5llBj !r (R)||/||i<»(iR)); 

(ii) for si < s 2 > ^ (s2>y } tfr = 1) and si + s 2 > 0, 

il/fflls;i r (R) < ^II/IIb^RjIIsIIb^R), 

where C's are constants independent of f and g. 

In order to apply the contraction argument to the proof of the analytic regularity 
of the Cauchy problem (jl.ip , we need a suitable scale of Banach spaces which we 
proceed to describe below. 

For any ,s > 0, we set 

E s = [u E C~(R) : ||M|| S = sup f*"f jfe < oo 
I keNo kl/(k + iy 

where H 2 (M.) is the Sobolev space of order two on the real line and Nq is the set of 
nonnegative integers. One can easily verify that E s equipped with the norm ||| • ||| s 
is a Banach space and that, for any < s' < s, E s is continuously embedded in E s i 
with 

UNI*- < \\M\s. 

Another simple consequence of the definition is that any u in E s is a real analytic 
function on R. Crucial for our purposes is the fact that each E s forms an algebra 
under pointwise multiplication of functions. 

Lemma 2.5. |21| Let < s < 1. There is a constant c > 0, independent of s, such 
that for any u and v in E s we have 

\\\uv\\\ s < c|||m|||s|||u||| s . 

Lemma 2.6. |21| There is a constant c > such that for any < s' < s < 1, we 

have 

| liquids' < rllMlk 

s — s 

and 

iii(i -^r^iiiy < iiniu, iiki -dir^xuwy < \\\ u \\\ s . 

The following theorem comes from pQ. 

Theorem 2.1. [I] Let {-^ s }o<s<i oe a scale of decreasing Banach spaces, namely 
for any s' < s we have X s C X s i and \\\ ■ \\\ s i < ||| • || s . Consider the Cauchy 
problem 

du , ... 

Tt= FM ^ (2.2) 
it(0) = 0. 

Let T, R and C be positive constants and assume that F satisfies the following 
conditions 

1) If f or < s' < s < 1 the function t i-> u(t) is holomorphic in \t\ < T and 
continuous on \t\ < T with values in X 8 and 

sup |||w(t)||| s < R, 

\t\<T 

then t i — y F(t,u(t)) is a holomorphic function on \t\ < T with values in X s > . 
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2) For any < s' < s < 1 and any it, v £ X s with |||u||| s < R, IMHs < R, 

sup \\\F{t,u) - F{t,v)\\\ 8 , < -£L|[|„-,,|||,. 

\t\<T S — S 

3) There exists M > such that for any < s < 1, 

M 



sup |||F(t,0)||| s < 

|t|<T 1-S 

T/iew i/iere exists a To £ (0, T) and a unique function u(t), which for every s £ (0, 1) 
is holomorphic in \t\ < (1 — s)To with values in X s , and is a solution to the Cauchy 
problem 12. 2\) . 

Next we restate the Cauchy problem in a more convenient form. Note that 
(jl.lj) is equivalent to the following one. 

u t - u xxt + 3u 2 u x - Auu x u xx + u 2 u xxx + 2u x u 2 xx - u 2 u xxx ~u x ={). 

Applying the operator (1 — d 2 )^ 1 to both sides of the above equation, we obtain 

ut + (u 2 - \ul} u x + 9,(1 - d 2 x r' (^-u 3 + uulj + (1 - d 2 )- 1 ^ = 0. 

Differentiating with respect to x on both sides of the above equation and noticing 
that d 2 {l - d 2 )- 1 = (1 - d 2 )- 1 - I, one finds that 

u tx + u 2 u xx + uul-u 2 x u xx -^u 3 + {l-d 2 x y 1 (^u 3 + uul^j +d x {l-d 2 x )- 1 '^- = 0. 
Let v = u x . Then the problem (jl.ip can be written as a system for u and v: 
u t = -u 2 v + ±v 3 - 9,(1 - dl)- 1 (^u 3 + W 2 ) (1 - dl)-^, 

v t = -uv 2 + lu 3 + v 2 v x u 2 v x (1 - d 2 )- 1 (^u 3 + uv 2 ^ 9,(1 d 2 )- 1 ^, 
u(0, x) — uq(x), v(0, x) = u' (x). 

Note that the initial data in the Cauchy problem (|2.2[) of the abstract Cauchy- 
Kowalevski theorem equals to zero, one can set U = u — uq, V = v — u' , then the 
above problem is equivalent to 

U t = -(U + u ) 2 (V + u' ) - 9,(1 - dlT 1 (hp + u ) 3 + (U + u )(V + u' ) 2 ^j 

(1 - dlr^-iV + u' ) 3 + l(V + u' ) 3 = F(U, V), 
V t = -(U + «o)(V + u' Q ) 2 + \{U + u ) 3 + (V + u' ) 2 (V + u' ) x 

- (1 - dly 1 (^{U + u ) 3 + (U + u )(V + u' Q ) 2 

- 9,(1 - dly^V + u' Q ) 3 -(U + u ) 2 (V + u' Q ) x = G(U, V), 
U(0,x) = 0, V(0,x) = 0. 

(2.3) 

This can be written as the abstract form of the Cauchy problem in 
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3. Local well-posedness 

In this section, we shall discuss the local well-posedness of the Cauchy problem 
(jl.ip . At first, we present the following definition. 

Definition 3.1. For T > 0, s £ M and 1 < p < +oo, we set 

E^^^CdO^B^nC'aO^^B^ 1 ) if r<+oo, 

££ i00 (T) 4 l«([ 0) T]; B* j00 ) n Lip([0, T]; 5^) 

and££ )P ^ n T >o^, r (T). 

Our main local existence result is the following theorem. 

Theorem 3.1. Suppose that 1 < p, r < +oo, s > max{2 + |, |} and uq G Bp r - 
Then there exists a time T > such that the initial-value problem \1.1\) has a unique 
solution u G r (T), and the map uq h- > it is continuous from a neighborhood of uq 
in Bp r into 

CdO.Tl^^nC^tO.T];^;- 1 ) 
/or every s' < s when r = +oo and s' = s whereas r < +oo. 

Remark 3.1. When p = r = 2, i/ie Besov space B^ r (K) coincides with the Sobolev 
space H S (R). Theorem \3.1\ implies that under the condition uq G iJ s (R) with s > 
5/2, we can obtain the local well-posedness for the initial-value problem il.l]) . 

Remark 3.2. The existence time for the initial-value problem 11. 1]) may be chosen 
independently of s in the following sense [39] • If 

u G C([0,T]; J ff s )nC 1 ([0,T];i/ s - 1 ) 

is the solution of the initial-value problem 11. 1]) with initial data uq G H r for some 
r > 5/2, r ^= s, then 

u G C([0, T]; H r ) (~l C 1 ([0, T]; H r ~ 1 ) 

with the same time T. In particular, if uq G H°°, then u G C([0, T]; H°°). 

In the following, we denote C > a generic constant only depending on p, r, s. 
Uniqueness and continuity with respect to the initial data are an immediate conse- 
quence of the following result. 

Proposition 3.1. Let 1 < p, r < +oo and s > max{2 + ~, |}. Let u^> be two 

given solutions of the initial-value problem U.l]) with the initial data Uq , G 
B s p r satisfying G L°°([0, T]; B^ r )nC([0, T]; S'). Then for every t G [0,T] : 

||uW(t)-«W(t)|| B .-i 
^ll"^ -^h^^fc j\\\u (1 Hr)\\l i r + \\u {2 Hr)\\l ; r ) dr\ . (3.1) 
Proof. Denote it( 12 ) = — w 1 ' and m^ 12 ) = — It is obvious that 

u (12) ejL o O([0)T] . jB ^ )nC([0)T];<s , )) 
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which implies that e C([0, T]; B^ 1 ) and u^ 12 \ m^ 12 ) solves the transport 

equation 

\ m a 2 )| t=0 = 4 12 )A m ( 2 )_ TO (D ; 

with 

/( M ( 12 ) , m( 12 ' , u« , W ( 2 ) , m« , m< 2 ) ) := - [( U ( 12 > («« + U ( 2 ' ) - 4 12 ' (u« + u^)]m x 2 ^ 

- 2u< 1 W 12 >(m (1) + m^) - 2u x 12 \m^) 2 . 

According to Lemma 12.21 , we have 

e -^JJ U «UK^)--(^)-]WU^* |]TO(ia)(t)|| ^ 

<lk u )||^+c/ t e- 0/ « B * [( * W) "-^ 1)) " ]l1 ^"^ (3-2) 
"• r Jo 

x ||/(tt( 12 ) I m( 12 ) I uW J uW,m{ 1 ) J m< 2 ))(r)|| B .-a dr. 
For s > max{2 + i, |}, by Lemma [2741 we have 

||[ M (i 2 )( M (i) +u ( 2 )) - U (")( U (D +uW)]mV\\ B .- ? 
<C||m( a )|| B .- a ||u( ia )|| fl .- 1 (||«( l )|| B .- 1 + \\u^\\ B s-,) 
<C||u( ia )|| B .- 1 (||uW|||. p + ||t.( a )||S lir ) > 

\\u^Hm^+rn^)\\ Bi -s 
<C||« C1) IIb;- 11"*^ |[ B --s ([[mW [| B .- a + ||m( 2 >|| s ,- 2 ) 

<c||^ 2 )|| flrrl (||^)|| 2 |ir + 11^111^), 

and 

[|^£ 12 )(r^c 2 ) )2 || sJ _ 3 < ch^ 12 )!!^-,!!^ 2 )!!^ < c[|^^]| s£ -x||^c 2 )||^ ^ 

Therefore, inserting the above estimates to (|3.2[) we obtain 



-c/ t l|a,[(«W) 2 -(4 1) ) 2 ]WII B| -2^| |u( i 2 ) (t)||ss 



<||4-)|| flrrl+C | 4 e ^^ll^[(« w ) 2 -(^f]MII Bjrr2 ^ 

^Ilii^WII^-iOttWlll^ + lltiWll^)*-. 

Hence, thanks to 

R[(u«) 2 - 1^) 2 ]!,;^ < c(\\ u u\\i lr + \\u^\\% }r ) 

and then applying Gronwall's inequality, we reach (|3.ip . □ 



Now let us start the proof of Theorem 13. 11 which is motivated by the proof of 
local existence theorem about the Camassa-Holm equation in |15| . Firstly, we shall 
use the classical Friedrichs regularization method to construct the approximate 
solutions to the Cauchy problem problem 
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Lemma 3.1. Let uq, p, r and s be as in the statement of Theorem \3.1l Assume 
that u' ) := 0. There exists a sequence of smoo th functions (uW) n£[| G C(R + ;B™ r ) 
solving the following linear transport equation by induction: 

frp \ \{dt + i(u^) 2 - (vi n) ) 2 ]d x }m^ = -2u x n \m^) 2 , i>0,i£l, 

\ ln > \ fn+lll + \ o r- TU> { ' 

[w n+l >\t= = '(x) = S n+ iu 0l x e K. 

Moreover, there exists a T > swc/i that the solutions satisfying the following 
properties: 

(i) ()^ n '),igN is uniformly bounded in E^ r {T). 

(ii) (w(™))„gN is a Cauchy sequence in C([0, T]; JE?*" 1 ). 



Proof. Since all data S n +\Uo belongs to B™ r , Lemma [2.31 enables us to show by 
induction that for all n € N, the equation (T n ) has a global solution which belongs 
to C(R; Bjf r ). Thanks to Lemma \2. 2 1 and the proof of Proposition 13.11 we have the 
following inequality for all n E N : 

e -^aNl^[(^V-(4"^]«ll B? -^r ||m( „ +1)(t)||B _ 
.|| || , n f* -O So l|9,[(u<")) 2 -(«(">) 2 ](r')|| B3 - 2 <ir' , } „ 



Thanks to s > max{2 + i, |}, we find £?p r 2 is an algebra. From this, one obtains 
\\u^{m^f\\ B s-, < C||uW|| B .- a ||mW||»._ a < C||</")|| 3 B?r , 

which along with the above inequality leads to 

e -c/ '||a,[( M <")) 2 -(u<")) 2 ] M || Brr2 ^ ||u( „ +1)(i)|| ^ 

< Fo]|sj r + C 1 / e ^ ||u w (r)|| B » dr. 

Jo 

Hence, we get 

+ C ^e ^ B * [( - W) "- ( -- W),1MB ^"* / ||»W(r)|||. dr. 
Jo p,r 

(3.4) 

Let us choose a T > such that 4C||wo|| 2 3s T < 1, and suppose by induction 
that for all t E [0, T] 

ll """ <i)l1 ^ £ «)■/■ • 

Indeed, since B^~ 2 is an algebra, one obtains from (|3.5p that for any < r < £ 

Cj* \\d x [(u^f - (uWf](T')\\ B s- 2 dT' <cj* \\u^(r')\\% kr dr' 

r* IKHs. i i 

~ C J 1 _ 4 qiJ|2 ; Tl dT ' = I ln ( X - 4g|l"ollBg, r r) - i ln(l - 4C7||«o|||. |r f). 
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And then inserting the above inequality and (|3.5p into (|3.4j) leads to 

lklk r c 



^l-4C\\u \\ 2 Bir t ^/l-4C||u || 2 B ^ 



io V p ' r (l-4C u s. ^ 5 

" ^/l-4C||u„|||, r ( ^ A (l-4C|K|||. r T)i 



which implies 



I^MIk < 



yi - IciK^Ti \ </i-4C|Klli,. ir t 



~ ^Jl-AC\\u \\l k t 
Hence, one can see that 



\\^ n+1 Ht)\\ BS < 



" (l-AC\\u \\l, 

Therefore, (u^)neN is uniformly bounded in C([0, J 1 ]; Bp ,,). Using the Moser-type 
estimates (see Lemma \2 .41 (ii)). one finds that 

|| [(u (n) )2 _ (u^f}d x m^\\ Bi -3 < C||m<"+ 1 >|| B --a(|[«(^||^ J + ||t4 n) llfl.-0 

<C||u(" +1 )|| B . r ||uW|||. ir , 

and 

Il4 n) (m (n) ) a ||fl.-. < C||mW||2.- a || U W|| B . ir < Cr||«W|||. p . 
Hence, using the equation (T„), we have 

d t u^ ec([o,t\;b;- 1 ) 

uniformly bounded, which yields that the sequence (u^ n ') n £^ is uniformly bounded 
in ££ r (T). 

Next we are going to show that 

(w^)neN is a Cauchy sequence in C([0, T]; B^}). 

In fact, according to (|3.3[) , we obtain that, for all n, I € N, 

{dt + [( u («+0)3 _ (4«+ ; ))2] (9x }( TO (»+;+i) _ TO (»+D) 

= 3 ( W (ll+i) , u^, m<" +i \ mW, m(" +1 )), 

where 

g{u {n+l) , w (n) , m (n+z) , m ( ") , m(™ +1 ) ) 
= [{u {n) - u {n+l ^){u {n) + u {n+l) ) - («W _ u («+0)( u £0 + 4«+0)]^ m («+i) 

- 2<4™ +0 (ro ( ™ +0 - m (n) )(m (n) + m< n+i) ) + 2(4"' - 4 n+0 )(m (n) ) 2 . 

11 



Applying Lemma again, then for every t £ [0, T], we obtain 

<\\ m r i+1) -rn^\\ B ^ + C /V C/ ° ll[(" ( " +i, ) 2 -^ +1) ) 2 ]^')ll fl ^ 1 ^ 



B " JO 

x || 5 ( u ( n +'),u ( " ) ,m( Il+/ ),m( n ),m(" +1 ))|| srr 3 dr, 
which is equivalent to 

c -o J? IIK-^«>--C^^)-]Wll^ s -^ ||(u (^ f +x ) _ ^^JJC*)!!^, 



x \\g{u^ +l \u {n \m^ +l \m^\rn^ n+ ^)\\ K - 3 dr. 
In the case of s > max{2 + i, |}, one can deduce that 

||[( U W _ u («+»))( u («) + u («+0) _ ( u (n) _ + u£ + »)}d x m( n+ V\\ B; - 3 

<CI|m( w+1 >]| s .- 8 (||« <T1+i) -« ( " ) IU-^II« (ri+0 +« <Tl) IU-^ 

+ + - ^II^-HU^) - 4")|| B a- 2 ) 

<C|| U C»+0 - «W|| Brr i(||«W||i. ir + + ll^lll^), 

|| u (."+0( m (n+I) _ m («))( m (») +m (»+0)|| s „_3 

<C||u(" + " || B . J|m(" +; ) - m W || B .-3 ||m^ +i > + m W || fl; - a 
<C||«C»+0 -«W|| B .-i(||t t W|||. p + Htt^Hl. J, 

and 

-4" +| ))(mW) a || B .-, < C|| U (" + ') - U (")|| B ,- 2 ||m(")|| 2 srr2 

<C||^ n+i ) -1* ( ™ ) || B -.-l||w ( ™ ) |||a r . 

From this, one finds that 

\\g{u {n+l \u^ n \m^ +l \m^ n \m^ n+ ^)\\ B s- s 

Therefore, we obtain 

e -^^ life-— > 2 -c-L— )=]C^)iu,- 1 ^ ||( ^ c . i ^^ 1) _ ^c-+ 1 ) )(0 ||^_ 1 



(iH-I+l) (n+l)ii ,nf - C / f ril[(« ( " +i) ) 2 -(4" +i) ) 2 ](^)ll flS -i^' 



Jo 

x || («(»+') - U ("))(r)|| flrrl (]| W W(r)||| ?r + ||«(" +1 )(r)|||. p + (r)|||. r )) dr. 

Since is uniformly bounded in E^ r {T) and 

n+l 

(n+l+1) (n+l) c C A 

M() U = bn+l+lUQ - S n+ iU = 2^ A 9 M 0, 

q=n+l 
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then there exists a constant Ct independent of n and I such that for all t £ [0, T] 

|| („(«+*+!) _ u^)(t)\\ B s- rl < C T (V" + J* \\(u^ - u^)(r)\\ B} -,dr^ 



Arguing by induction with respect to the index n, one can easily prove that 

11 (n+i+i) (n+i)ii {TCt) u+1 I, (() I, n „_( n _fe) (TCr) k 

II" 1 J 1I^ ( b;-')< ^TTV ll MU IU-(^) + gT2^ 2 J — fei— ■ 

/ ' z — n 



fc=0 



Similarly r ) can be bounded independently of I, we conclude that there 

exist some new constant C' T independent of n and I such that 



h {n+l+l) -u^\\ L ^ B ,-, ) <C' T 2-\ 

Hence (it("))„ e N is a Cauchy sequence in C([0,T]; Bf" 1 ). □ 

Proof of Theorem \3.1\ Thanks to Lemma 1570 we obtain that {vS n ') n en is a Cauchy 
sequence in C([0, T]; B^ 1 ), so it converges to some function it e C([0, T]; -Bp^ 1 ). We 
now have to check that u belongs to Et, r (T) and solves the Cauchy problem . 
Since (u^)„gn is uniformly bounded in L°°([0, T];JB* r ) according to Lemma I3~TI 
the Fatou property for the Besov spaces (Proposition 12.21 iv)) guarantees that it 
also belongs to L°°([0, T]; B s p r ). 

On the other hand, as (u^ n ') n ^ converges to u in C([0, T]\ B^}), an interpola- 
tion argument ensures that the convergence holds in C([0, T]; B p r ), for any s' < s. 
It is then easy to pass to the limit in the equation (T n ) and to conclude that u is 
indeed a solution to the Cauchy problem (jl.lj . Thanks to the fact that u belongs 
to L°°([0, T]; i?* r ), the right-hand side of the equation 

dtm + (u 2 — u x )9 x m = —2u x m 2 

belongs to L°°([0, T]; B*- 2 ). In particular, for the case r < 00, Lemma 12.31 enables 
us to conclude that u € C([0,T];B| r ) for any s' < s. Finally, using the equation 
again, we see that d t u e C([0, Tj; B^ 1 ) if r < 00, and in L°°([0, T); B^}) otherwise. 
Moreover, a standard use of a sequence of viscosity approximate solutions (u e ) e> o 
for the Cauchy problem which converges uniformly in 

C([0,T];fl; jr )nC 1 ([0,T];B;- 1 ) 

gives the continuity of the solution u in E p r (T). □ 



4. Blow-up scenario and global conservative property 

In this section, attention is now turned to blow-up issue. We first present a 
blow-up scenario. 

Theorem 4.1. Let uq £ H s , s > 5/2, and u{t,x) be the solution of the Cauchy 
problem with life-span T . Then T is finite if and only if 



lim inf 



ia£(mu x (t,x)) 
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Proof. Since the existence time T is independent of the choice of s, in view of 
Remark 3.2, we only need to consider the case s — 3 by utilizing a simple density 
argument. Multiplying Eq. ljl.ip by to and integrating over R with respect to x 
yield 

— — I m dx = — (u — u x ) mm x dx — 2 u x m dx 
2 dt Jo Jo Jo 



— I (u 2 — w 2 ) to 2 dx — 2 u x 77i 3 dx 
2 Jr Jwl 



= — I u x m 3 dx. 
Jr 

Differentiating the first equation with regard to x, one finds that 

m xt = —2u xx m 2 — 6u x mm x — (u 2 — u 2 )m xx 

= —2um 2 + 2to 3 — 6u x mm x — (u 2 — u 2 )m xx . 

Then multiplying the above equation by m x and integrating over R with respect to 
x, it leads to 



ld_ 

2 dt 



m 2 dx 



(u — u x )m x m xx dx — 2 um m x dx — 6 u x mm x dx + 2 m m x dx 
i Jr Jr 

- I (u 2 — u 2 ) x m 2 dx + — J u x m 3 dx — 6 / u x mm 2 dx 



-5 / u x mm 2 dx + — I u x m 3 dx. 



Therefore, 



— f (m 2 + m 2 ) dx = — 10 f u x mm 2 dx f u x m 3 dx. 

dt Jr 3 J R 

If mu x is bounded from below on [0, T) x R, i.e., there exists N > such that 
mu x > —N on [0,T) x R, then it is thereby inferred from the above estimate that 

/ (to 2 + to 2 ,) dx < ION f (to 2 + to 2 ) dx. 
dt Jk 

Applying Gronwall inequality then yields for t E [0,T) 

\Mm < [ (m 2 + m 2 x )dx<e 10NT [ [m 2 + m 2 x ) dx = e WNT \\m \\ 2 m . (4.1) 
Jr Jr 

Differentiating the first equation with regard to x twice, one finds that 

m-xxt = —2u x m 2 — Aumm x + 6m 2 m x — 6u x m 2 — 6u x mm xx — 6u xx mm x 
- 2u x mm xx - (u 2 - u 2 )rn xxx 
= ~2u x m — \§umm x + 12m m x — 6u x m x — 8u x mm xx — (u — u x )m xxx . 
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Then multiplying the above equation by m xx and integrating over R with respect 
to x, we get 

1 d 



2 dt 



m 2 ^ dx 



(u 2 — u 2 x )m xxx m xx dx ~ 8 u x mm xx dx — 2 u x m 2 m xx dx 

Jr Jr 

+ 12 / m m x m xx dx — 10 / umm x m xx dx — 6 u x m xx m 2 dx. 
Jr Jr Jr 

For the right hand side of the above equation, integrating by parts one finds that 

2 

dx = 2 / m x (u xx m + 2u x mm x ) dx 



- I (u 2 - ii 2 tin , , , dx — - I (u 2 - u x ) x m xx dx = I u x mm 2 xx dx, 



= 4 / u x mm x dx + 2 / (u — m)m m x dx 
Jr Jr 

f 2 2 f 1 

= 4 / u x mm x dx / u x m dx, 

Jr 3 ,/iD> 



and 



-6 / u x m xx m x dx = 2 u xx m x dx = 2 / urn, dx — 2 / mra^ dx 



= —2 / u x mm 2 dx — 4 / umm x m xx dx 
Jr 

+ 2 m 2 m x m xx dx, 



Where we have used 

2 / um x dx = —2 / m(u x m 2 + 2um x m xx ) dx, 
Jr Jr 

and 

—2 / mm x dx — 2 m(m x + 2mm x m xx ) dx. 
Jr Jr 

Therefore, 

— — f m 2 x dx = —1 f u x mm 2 x dx + 2 f u x mm 2 dx — — j u x m 3 dx 

2 dt ,lm J -a ,/b O 



+ 14 / m m x m xx dx — 14 / umm x m xx dx 



And so 



= —14 / u x mm 2 x dx — 6 u x mm 2 dx — 2 / u x m dx 
Jr Jr Jr 

+ 28 m 2 m x m xx dx — 28 I umm x m xx dx. 
Jr Jr 
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If mu x is bounded from below on [0,T) x R, i.e., there exists N > such that 
mu x > —N on [0,T) x R, then applying (|4.1[) we can deduce that 

4 / (™ 2 + m * + m lx) dx 
at J & 

< UN / (to 2 + ml + m 2 xx ) dx + 28(||m|||<» + |[um||i,°o) / \m x m xx \ dx 



< UN / (to- +m x + m xx ) dx + 28||to||^i / (mr + m x + m xx ) dx 
Jr Jr 

<14(iV + 2 e 10JVT ||TOo||^) f (m 2 + m 2 x +m 2 xx )dx. 

For any t e [0, T), using Gronwall inequality again it leads to 

\\u\\ 2 m < \\m\\ 2 H2 = / (to 2 + m 2 x + m 2 xx ) dx 
Jr 

<exp(14r(7V + 2e 10JVT ||mo|| 2 ffl )) / (m 2 + m 2 x + m 2 xx ) dx 

Jr 

= exp(UT(N + 2e 10NT \\m \\ 2 Hl ))\\u \\ 2 Hi . 

The above inequality and Sobolev's embedding theorem ensure that the solution 
u(t, x) does not blow up in finite time. 
On the other hand, if 



lini inf 

tfT 



inf (mu x (t, x)) = — oo, 

x£R J 

by the existence Theorem 13. II of the local strong solution and Sobolev's embedding 
theorem, we infer that the solution will blow-up in finite time. The proof of Theorem 
14.11 is thus complete. □ 

In order to demonstrate a conservative property, let us consider the trajectory 
equation 

^ = ( u 2 -ul)(t,q(t,x)) . 
q(0, x) — x. 

For all t > 0, a simple computation shows that 
d 

— {m(t, q(t, x))q x {t, x)} 
= [m t (t,q) +m x (t,q)q t ]q x + mq xt 
= q x [m t (t,q) + {u 2 - u 2 c )m x (t,q)} +2u x m 2 q x 
= qx[mt + {u 2 — u 2 x )m x + 2u x m 2 } = 0. 
Therefore, m(t,q(t,x))q x (t,x) is independent of the time variable t. That is 
m(t,q(t,x))q x (t,x) = m(0,x) = u (x) - u 0xx (x). 

5. Analyticity of solutions 

In this section, we shall establish the following analyticity result. 

Theorem 5.1. Let uq be a real analytic function on R. There exist an e > and 
a unique solution u of the Cauchy problem that is analytic on (— e, e) x R. 
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Note that it is sufficient to verify the conditions 1) and 2) in the statement of 
the abstract Cauchy-Kowalevski Theorem 12. II for both F(U, V) and G(U, V) in the 
system (|2.3p since neither F nor G depends on t explicitly. Note that uq is analytic 
by the assumption of Theorem 15. 11 we can deduce that both |||ito||| s an d IllugllU' 
are bounded. Without loss of generality, we assume that there exist constants 
M , Mi > such that |||«o||| s < M , ||K|||« ^ M i> and so 1 1 Kills' < cM /(s-s'). 
In order to prove 1), for < s' < s < 1, the estimates in Lemma 12.51 and 12.61 imply 
the following bounds 

\\\F(U,V)\\\ sl <c 2 |||C/ + U o|||^|||^ + ^||| S ' + ^|||^ + <|||^ + ^|||C/ + U o|||^ 
+ c 2 |||[/ + Uo ||| s |||^ + ^||| 2 , 

or, ,», cMn . 2 , cMn , -3 

< c 2 [(R + M ) 2 (i? + — ^) + -(i? + — 

+ h R + M f + (R + M )(R+^ 1 ) 2 ] 
3 s — s' 

2c 2 , CMn . q 

<— (2i? + Mo + 7 -^) 3 , 

|||G(C/,y)|||^ <2c 2 |||C/ + U o||| s |||^ + U ollls' + ^ll|C/ + «o|||^ + y|||^ + ^|||^ 



c 3 



+ 7^W\ U + u o|||^|||^ + ^|||, + ^ 77 ll|V + <||| s |||y + ^||| 2 , 



< 2c 2 (i? + M )(R + + 4 4(* + ^ + i(R + ^h? 



s — s' 3 3 s — s' 

+ -^-i(R + Mof(R + MO + -^(.R + Afi)(.R + -^%) 2 , 
s — s s — s s — s 

hence condition 1) holds. 

Note that to verify the second condition it suffices to estimate 

\\\F(U!,V) - F(U 2 ,V)\\\ sl ,\\\F(U,V 1 ) - F(U,V 2 )\\\.>, 

and 

\\\G{U 1 ,V)-G(U2,V)\\\ s ,,\\\G(U,V 1 )-G(U,V 2 )\\\ a ,. 

Since 

\\\F{U 1 ,V 1 )-F{U2,V 2 )\\\ a > < \\\F(U 1 ,V 1 )-F(U U V 2 )\\\ S , + \\\F(U 1 ,V 2 )-F(U 2 ,V 2 )\\\ S ,, 
and 

IWGiUuV^-GiUMWls' < |||G([/ 1 ,F 1 )-G(C/ 1 ,F 2 )|||^ + |||G(C/ 1 ,y 2 )-G([/ 2 ,^ 2 )||| s -. 

Using this together with Lemma 12.51 and 12. 61 we get the following estimates 
\\\F(U U V) - F(U 2 ,V)\\\ a . 

< \\\(V + u' Q )(U 1 - Ui){Ui + U 2 + 2u )\\\s> +|||^(1- a 2 )" 1 [(Ui - U 2 )(V + u' ) 2 ] hi, 

+ ^111^(1 - a 2 )" 1 {([/! - C/ 2 )[(f/i +u ) 2 - (0i + uo)(l7 a + u Q ) + (U 2 +u ) 2 }} \\\„, 
<2 C 2 (|||U + ^||| 2 , + |||[7 1 + Uo |||2 + |||c/ 2+Uo |||2)|||^ 1 _ C / 2 ||| a 

< 2c 2 [2(R + M ) 2 + (R+ ^L) 2 ] || \U ± - U 2 \ \\ s , 

s — s' 
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IWFiUM) - F(U,V 2 )\\\ a> 

< |||([/ + Uo ) 2 (^-^)||| S ' + i|||(^-v 2 )[(F 1 + <) 2 -(^ 1 + ^)(F 2 + ^) + (y 2 + <) 2 ]||| f 

+ - dlr 1 [(Vi - V 2 )(U + uo){Vi + V 2 + 2u' )} |||y 

1 



+ ^lll(i -dlr'iiv.-vMVi + utf-iv. + u'^ + u^ + iVz + utf]} in, 

2/lllTA I „.' Il|2 i IIITA i „./ |||2 , I I I r 7- , „, ||2\ 



< 2c 2 (\\\Vi +^||| 2 , + |||^ 2 +^||| 2 , + |||C/ + U o||| i )|||^ 1 -F 2 ||| 

< 2c 2 [2(R+ _£^L)2 + (i? + M ) 2 ]|||Vi - V 2 \\\ 3 , 

C c' 



\\\G{U U V) - G{U 2l V)\\\ s , 

< 1 1 1 (V + ^) 2 (C/i - U 2 )\ \\ s , + H 1 1 1 (Z7j - C/ 2 )[(C/x + Uo ) 2 - (Ui + u Q )(U 2 + u Q ) + (U 2 + u f] \ \ \ 
+ 111(^+0(^1 - U 2 )(U 1 + U 2 + 2u Q )\\\ s , + |||(1 - dlr 1 [(V + u' ) 2 (U 1 - U 2 )} ||| s - 

+ |lll(l - dl)- 1 {(Ui - U 2 )[(Ui +u f - (Ui +u ){U 2 +u ) + (U 2 +u Q ) 2 }} \\\ s , 

< (3c 2 + 2(s ^ s/)2 )(|||^ + ^|||^ + |||V- + ^||| 2 + |||£/i+ Mo ||| 2 + \\\U 2 + M o||| 2 )|||^i-C/2||| s 

<(3c 2 + 9 , - )[2(R + M f + (R + M i r + (R+—^) 2 }\\\U 1 -U 2 \\\ s , 
and 

\\\G(U,Vi) - G(U,V2)\\\^ 

< \\\(Vi-V 2 )(U + u )(V 1 +V 2 + 2u' )\\\ s , + \\\(V 1 -V 2 )(V 1 +u' ) x {V 1 +V 2 + 2u' )\\\ s , 
+ 111(1 ~ dl)- 1 [{Vi - V a )(U + uo)(Vi +V 2 + 2u' )} \\\ a , + \\\{V 2 + u' G ) 2 ^ - V 2 ) x \\\ s , 

+ \\\\d x {\ dl)- 1 {(Vi - V 2 )[(Vr + u' ) 2 (Vi + u' )(V 2 + u' ) + (V 2 + u> ) 2 }} \\\ s , 
+ \\\(V 1 -V 2 ) x (U + u Q ) 2 \\\ s , 

< (4c 2 + 2(737)2 )d 1 1 y i + u 'o\\\" + Hl y i + u olll?' + IIIV2 + u' Q \\\ 2 s , + Hl^ + uolll^lllVi-Valll, 
^ ^ + of Z , 2 )l(R + M°) 2 + (R + *h) 2 + 2(R+—^) 2 ]\\\V 1 -V 2 \\\ s . 



This implies that the condition 2) also holds. Hence, the proof of Theorem 15.11 is 
complete. 

6. Non-existence of smooth traveling waves 

In this section, we prove that equation (jl.ljl does not have nontrivial smooth 
traveling waves. Assume that 

u(t,x) = (j>{x - ct), ceR (6.1) 

is a smooth traveling wave solution of (|l.ip . Then we have the following result. 

Theorem 6.1. There is no nontrivial smooth traveling wave solution u(t,x) = 
4>{x-cb), ceR o/fTip in C*([0,cx));iJ 3 (R)) nC 1 ([0,oo);ff 2 (M)). 

is 



Proof. We use a contradiction argument. Assume that (f> £ H 3 is a strong solution 
of Then we have 

c(0-0'')' = ((0 2 -0 2 )(0 -</>''))' m L 2 (R). 

Since £ iJ 3 (R) C Cg(R), we find that 

c{4> - </>") = (<f> 2 - ^)(4> - 0") in H\R). (6.2) 

Note that <j> ^ and 0, 0', 0" — » as |a;| — > oo, it implies that <fi—4>" ^ 0. Otherwise, 
<fi = c\e x + C2e~ x , which gives cj> = 0, x £ R. It then follows from (|6 . 2[) that 

</> 2 - 0' 2 = c. (6.3) 

Let |x| — > oo. Then 0,0' — > 0. It yields from (|6.3[) that c = 0. Hence we deduce 
from d6T3]) that 

</> 2 - 0' 2 = 0, 

which implies that either <j) — c±e x or cf> = C2e~ x . This is a contradiction with 
0^0. This completes the proof of Theorem 6.1. 

□ 



7. Appendix A. Geometric descriptions 

It has been known for long time that integrable equations solved by the inverse 
scattering transform method have elegant geometric interpretations. Several differ- 
ent geometric frameworks have been utilized to provide geometric interpretations 
to integrable systems. For instance the celebrated CH equation was shown to de- 
scribe the geodesic flow of the Riemannian metric on the diffeomorphism group of 
the circle [25] and pseudo-spherical surface (35]. It also arises from a non-stretching 
invariant planar curve motion in the centro-equiaffine geometry [6]. What is more, 
the mKdV equation, the sine-Gordon equation, the Schrodinger equation, the KdV 
equation and the Sawada-Kotera equation arise naturally from non-stretching in- 
variant curve flows in Klein geometries (see [6] [Jj [19l [20] and references therein) . 

In this appendix, we show that the equation (jl.ip arises from non-stretching 
invariant curve flows respectively in two-dimensional Euclidean geometry and two- 
dimensional sphere, and it also describes a pseudo-spherical surface. 

First, we study non-stretching invariant plane curve flows in the Euclidean ge- 
ometry R 2 , governed by 

^ = fn + gt, (A.l) 

where t and n are the Euclidean tangent and normal vectors, / and g are re- 
spectively the normal and tangent velocities depending on the curvature and its 
derivative with respect to the arc-length s of the curve. Let ds = hdp, where p is 
the free parameter independent of time t and h is the metric of the curve. A simple 
computation gives 

ht = (g s - Kf)h. 

Assume that the distance (along the curve) between any two points of the curve is 
invariant under the curve motion (A.l), that means [J^, J^] = 0. Hence we deduce 
that 



9s - Kf = 0. 
19 



Let L be the parameter for a closed curve. A direct computation shows 

^ = <j> {as - nf)ds = ~ j> K f ds - 

Furthermore, assume that L is invariant under the curve flow (A.l). Then we 
require 



Kfds = 0. 

'7 

By the curve flow (A.l), a straightforward computation leads to the evolution of 
the frame given by 

t \ / f s + Kg \ f t 

n) t l-(/a + «fl) Jin 



(A.2) 



Let 6 be the angle between tangent vector of the curve and a fixed direction. Then 
t = (cos 6, sin 8), n = (— s'mO, cosd). From (A.2), we get 



= fa + Kg. 



Hence the curvature n = satisfies [19] 



«t = (/ a + K 9 ) s = 0/, (A.3) 

where = 9^ + k 2 + k s 8~ 1 k is the recursion operator of the mKdV equation 

3 2 

Set / = — 2u s , k = m = v — v ss . Then g — ~(v 2 — v 2 ) + b, b is a constant. Hence 
w(£, s) satisfies the equation 

to* + [(v 2 - t-sHs + ( & + 2)v asa - bv s = 0. (A.4) 

After the transformations t — > t, s — > x = s + (b + 2)t, then (A.4) becomes [M] 

m t + [(v 2 - v%)m] x + 2v x = 0, m = v-v xx . (A. 5) 

Furthermore, by the scaling transformations v — > e~ 1 u, t — > e 2 r, it then follows 
from (A. 5) that 

m T + [{u 2 — u 2 )m] x + 2e 2 u x = 0, T(i = u — u xx . (A. 6) 

Assume that u x is uniformly bounded in K and let e — > 0. Consequently, we arrive 
at {A.l). 

Next, we consider the non-stretching curve flows on the two-dimensional sphere 
S 3 (R), governed by 

lt = fn + gi, (A.6) 

where n and t are respectively the normal and tangent vectors, / and g stand for 
the normal and tangent velocities, depending on the geodesic curvature of the 
curve and its derivative with respect to the arc-length s, they satisfy the Frenet 
equations j4j 

o p o W f \ 

-P k t , (A.7) 

-k / \ ft / 

where p = 1/R and r = ,07 is the unit vector in the radial direction. 
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.-( 









= (A.9) 



Since the Frenet frame is orthonormal, its time evolution is given by 

pV pU \ ( r \ 

-pV At. (A.8) 
-pU —A / \h J 

Assume that the curve does not stretch during the curve motion, the arc-length 
does not depend on time. So s and t can serve as local coordinates on the sphere, 
and the commute relation 

~d_ _cT 

holds. It follows from (A.7), (A.8) and (A.9) that 

A = U S + <j)V 
and the curvature 4> satisfies the equation 

<j> t = {U s + W)s+ P 2 U (A.10) 

with the condition 

V s = <t>U. (A.ll) 

The substitution of (A.ll) into (A. 10) leads to the equation for the curvature 

<k = (n + p 2 )U, (A.12) 

where f2 is the recursion operator of the mKdV equation. Set (f> = m = u — u ss , 
U = — 2u s , then V = — (u 2 — u 2 ) + b, and u(t, s) satisfies the equation 

ra t + [{u 2 - u 2 s )m] s + (b + 2)u sss - (b - 2p 2 )u s = 0. (A.13) 

After the transformations t — >■ t, s—ty = s + (b + 2)t, this equation reduces to [34] 

ra t + [{u 2 — u 2 )m] y + 2(1 + p 2 )u y = 0, m = u — u vv . (A. 14) 

Hence following the approximate argument again in (A. 5) and (A. 6), we obtain 
(A.l) in a different way. 

Remark A.l. It was shown by Reyes |35| that the CH and HS equations describe 
pseudo-spherical surfaces. Similarly, we can show that the equation 11. 1]) also de- 
scribes pseudo-spherical surfaces, i.e., there exist one-forms 



UJi = 



[^O _ I(i + A ) VT^V + (^A. _ I A (1 + X))ra]dx 



+ + a)v / t^+ yir? + ( i A " 2(1 + A) + iTA )m ) {u2 " ul)] 

= Xdx - [2X- 1 - 2X- 1 s/l - X 2 u x + X(u 2 - u 2 x )]dt, 



\lrrj~l( 1 + AJVT^A* - + I A (1 + X))m\dx 



[2A- 2 \/^ - A- 2 (l + X)V^ + (A_ _ l±A ){Ux + A- 1 .) 



\{l + X)VT^- + ( 1 A- 2 (l + A) - T A_)m [u 2 - ul)) 
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which satisfy the structure equations for pseudo-spherical surface 
dull = lu 3 A cj 2 , duji = UI3 A u>2, du>x = uj 3 A uj 2 - 

Based on the structure equations, using the equations for pseudo-potential, we 
are able to obtain two sets of conservation laws of equation (| 1 . 1 1) . 
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